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Abstract
Removing the field redefinitions, the Bianchi identities and the total derivative free-
doms from the general form of the effective action of superstring theory at order α′3 for
NS-NS fields, we have found that the minimum number of independent couplings is 872.
We write them in the scheme in which there is no term with structures R, Rµν , ∇µHµαβ ,
∇µ∇µΦ. Moreover, except one term, the couplings can have no term with more than
two derivatives. In the scheme that we have chosen, the 872 couplings appear in 55 dif-
ferent structures. We fix some of the parameters by the four-point functions. The term
with more than two derivatives is constraint to be zero by the corresponding four-point
function.
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1 Introduction
String theory is a quantum theory of gravity with a finite number of massless fields and a tower
of infinite number of massive fields reflecting the stringy nature of the gravity. An efficient
way to study different phenomena in this theory is to use an effective action which includes
only massless fields and their derivatives [1, 2]. The effective action has a double expansions.
The genus expansion which includes the classical and a tower of quantum corrections, and the
stringy expansion which is an expansion in powers of the Regge slope parameter α′. The latter
expansion for metric yields the Einstein gravity and the stringy corrections are a specific tower
of higher orders of the curvature tensors. A challenge is to explore different techniques to find
the effective action that incorporates all such corrections, including non-perturbative effects
[3]. In the bosonic and in the heterotic string theories, the higher derivative couplings begin at
order α′, whereas, in type II superstring theory, they begin at order α′3.
There are various techniques in the string theory for finding these higher derivative cou-
plings: S-matrix element approach [4, 5, 6, 7, 8, 41], sigma-model approach [10, 11, 12, 13, 14],
supersymmetry approach [15, 16, 17, 18], double field theory approach [19, 20, 21, 22, 23], and
duality approach [24, 25, 3, 26, 27, 28]. In the duality approach, the consistency of the effective
actions with duality transformations are imposed to find the higher derivative couplings [3, 27].
In particular, it has been speculated in [29] that the consistency of the effective actions at
any order of α′ with the T-duality transformations may fix both the effective actions and the
corrections to the Buscher rules [30, 31]. It has been shown explicitly in [32] that the T-duality
constraint fixes the effective action and the corrections to the Buscher rules at order α′, up to
an overall factor. The T-duality constraint has been also used in [33] to find the effective action
of bosonic string theory at order α′2.
In using the T-duality technique for finding the effective actions at the higher-derivative
orders in the string theory, one needs the minimal and gauge invariant couplings at each order
of α′. To find such couplings, one has to impose various Bianchi identities, use field redefinitions
freedom [39, 35, 36] and remove total derivative terms from the most general gauge invariant
couplings. In the literature, the Bianchi identities and total derivative terms are first imposed
to find the minimum number of couplings at each order of α′, up to field redefinitions. The pa-
rameters in the resulting action are then either unambiguous which are not changed under field
redefinition, or ambiguous which are changed under the field redefinitions. Some combinations
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of the latter parameters, however, remain invariant under the field redefinitions [13]. This al-
lows one to separate the ambiguous parameters to essential parameters which are fixed by e.g.,
S-matrix calculations [13, 7], and some remaining arbitrary parameters. Depending on which
set of parameters are chosen as essential parameters and how to choose the arbitrary param-
eters, one has different schemes. To find the minimum number of independent couplings, one
sets all the arbitrary parameters to zero. This method has been used to find the 8 independent
couplings for gravity, B-field and dilaton at order α′ in [13].
One may impose the Bianchi identities, remove the total derivative terms and use the
field redefinition freedom at the same time. That is, one may first write all gauge invariant
couplings at each order of α′ and then impose the above freedoms to reduce the couplings to the
minimal couplings. The parameters in the gauge invariant action are then either unambiguous
or ambiguous depending on whether or not they are changed under these freedoms. Some
combinations of the ambiguous parameters, however, remain invariant. This allows one to
separate the ambiguous parameters to essential parameters which may be found by S-matrix
calculations, and some arbitrary parameters. Again, depending on which set of parameters are
choosing as essential parameters and how to choose the arbitrary parameters, one has different
schemes. The minimum number of independent couplings are found in the schemes that all the
arbitrary parameters are set to zero. This method has been used in [37] to find the 60 minimal
independent couplings at order α′2 in the bosonic string theory. In this paper, we are going to
find such couplings at order α′3 in the superstring theory and for NS-NS fields.
The outline of the paper is as follows: In section 2, we write the most general gauge invariant
couplings involving, metric, dilaton and B-field at order α′3. There are 23996 such gauge
invariant couplings. Then we add to them the most general total derivative terms and field
redefinitions with arbitrary parameters. To impose various Bianchi identities, we rewrite them
in the local inertial frame, and rewrite the terms which have derivatives of B-field strength H , in
terms of potential, i.e., H = dB. We then use the arbitrary parameters in the total derivative
terms and in the field redefinitions to show that there are only 872 essential parameters and all
other parameters are arbitrary which can be set to zero. In one scheme, there are 871 couplings
in which there is no term with more than two derivatives and no term involving R,Rµν ,∇µHµαβ ,
∇µ∇µΦ. There is also one essential coupling which has three derivatives on B-field. The 872
couplings in this scheme appear in 55 different structures. We write the explicit form of these
couplings in this section. In section 3, we impose the constraint that the couplings should
reproduce the sphere-level S-matrix element of four NS-NS operators at order α′3 to fix some
of the parameters. In section 4, we impose the T-duality constraint when B-field is zero, to
show that the dilaton couplings are all zero. We postpone the evaluation of all 872 parameters
by the T-duality constraint when B-field is non-zero, to the future works.
2 Minimal couplings at order α′3
The effective action of string theory has a double expansions. One expansion is the genus
expansion which includes the classical sphere-level and a tower of quantum effects. The other
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one is a stringy expansion which is an expansion in terms of higher-derivative couplings. The
number of derivatives in each coupling can be accounted by the order of α′. The sphere-level
effective action of superstring theory has the following power series of α′ in the string frame:
Seff =
∑∞
n=0 α
′nSn = S0 + α
′3S3 + α
′4S4 + · · · ; Sn = γnκ2
∫
d10x
√−ge−2ΦLn (1)
where γn is normalization of the effective action at order α
′n, e.g., γ0 = 1/2, and we have
used the fact that the superstring theory has no effective action at orders α′, α′2. The effective
action must be invariant under the coordinate transformations and under the B-field and R-R
gauge transformations. So the NS-NS fields must appear in the Lagrangian Ln trough their
field strengths and their covariant derivatives, e.g., the Lagrangian at the leading order of α′
for NS-NS fields is
L0 = R− 112HαβγHαβγ + 4∇αΦ∇αΦ (2)
Similarly for the R-R fields. There is also Chern-Simons Lagrangian involving the R-R cou-
plings. In this paper however we are not interested in the R-R couplings. The higher-derivative
field redefinitions and Bianchi identity can not change the form of this action. A systematic
method has been used in [37] to find the minimum number of independent couplings at order
α′2 in the bosonic string theory. It has been shown in [37] that there are 60 couplings at this
order. The coefficients of these couplings have been found in [33] by the T-duality constraint.
In this paper we are going to find the independent couplings of NS-NS fields at order α′3 in the
superstring theory.
Following [37], one first should write all gauge invariant NS-NS couplings at eight-derivative
order with even parity. Using the package ”xAct” [38], one finds there are 23996 such couplings,
i.e.,
L′3 = c
′
1Hα
δǫHαβγ Hβ
εµHγ
ζηH δε
θHǫζ
ι Hµι
κHηθκ + · · · (3)
where c′1, · · · , c′23996 are some parameters. The above couplings however are not all indepen-
dent. Some of them are related by total derivative terms, some of them are related by field
redefinitions, and some others are related by various Bianchi identities.
To remove the total derivative terms from the above couplings, we consider the most general
total derivative terms at order α′3 which has the following structure:
α′3γn
κ2
∫
d10x
√−ge−2ΦJ3 = α
′3γn
κ2
∫
d10x
√−g∇α(e−2ΦIα3 ) (4)
where the vector Iα3 is all possible covariant and gauge invariant terms at seven-derivative level
with even parity, i.e., ,
Iα3 = J1HγδǫRαβRβεǫθ∇δHγεθ + · · · (5)
where the coefficients J1, · · · , J11941 are 11941 arbitrary parameters. Adding the total deriva-
tive terms with arbitrary coefficients to L′3, one finds the same Lagrangian but with different
parameters c′′1, c
′′
2, · · ·. We call the new Lagrangian L′′3. Hence
∆′′3 − J3 = 0 (6)
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where ∆′′3 = L
′′
3 − L′3 is the same as L′3 but with coefficients δc′′1, δc′′2, · · · where δc′′i = c′′i − c′i.
Solving the above equation, one finds some linear relations between only δc′′1, δc
′′
2, · · · which
indicate how the couplings are related among themselves by the total derivative terms. The
above equation also gives some relation between the coefficients of the total derivative terms
and δc′′1, δc
′′
2, · · · in which we are not interested.
The couplings in (6), however, are in a fixed field variables. One is free to change the field
variables as
gµν → gµν + α′3δg(3)µν
Bµν → Bµν + α′3δB(3)µν
Φ → Φ+ α′3δΦ(3) (7)
where the tensors δg(3)µν , δB
(3)
µν and δΦ
(3) are all possible covariant and gauge invariant terms at
6-derivative level. δg(3)µν , δΦ
(3) contain even-parity terms and δB(3)µν contains odd-parity terms
i.e., ,
δg
(3)
αβ = g1H{α
γδHβ}γ
ǫHδ
εθHǫε
ηHθ
µνHηµν + · · ·
δB
(3)
αβ = e1R
γδRδǫε[α∇β]Hγǫε + · · ·
δΦ(3) = f1Hα
δǫRβγ∇αΦ∇γHβδǫ + · · · (8)
The coefficients g1, · · · , g3440, e1, · · · , e2843 and f1, · · · , f705 are arbitrary parameters. When the
field variables in S3 are changed according to the above field redefinitions, they produce some
couplings at orders α′6 and higher in which we are not interested in this paper. However, when
the field variables in S0 are changed, up to some total derivative terms, the following couplings
at order α′3 are produced:
δS0 =
δS0
δgαβ
δg
(3)
αβ +
δS0
δBαβ
δB
(3)
αβ +
δS0
δΦ
δΦ(3) ≡ α
′3γ3
κ2
∫
d10x
√−ge−2ΦK3
=
α′3γ3
κ2
∫
d10x
√−ge−2Φ
[
(
1
2
∇γHαβγ −Hαβγ∇γΦ)δB(3)αβ
−(Rαβ − 1
4
HαγδHβγδ + 2∇β∇αΦ)δg(3)αβ
−2(R− 1
12
HαβγH
αβγ + 4∇α∇αΦ− 4∇αΦ∇αΦ)(δΦ(3) −
1
4
δg(3)µµ)
]
(9)
where we have absorbed a factor of γ0/γ3 to the arbitrary parameters in (8). Adding the total
derivative terms and field redefinition terms to L′3, one finds the same Lagrangian but with
different parameters c1, c2, · · ·. We call the new Lagrangian L3. Hence
∆3 − J3 −K3 = 0 (10)
where ∆3 = L3−L′3 is the same as L′3 but with coefficients δc1, δc2, · · ·where δci = ci−c′i. Solving
the above equation, one finds some linear relations between only δc1, δc2, · · · which indicate how
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the couplings are related among themselves by the total derivative and field redefinition terms.
There are also many relations between δc1, δc2, · · · and the coefficients of total derivative terms
and field redefinitions in which we are not interested,
However, to solve the equation (10) one should write it in terms of independent couplings,
i.e., one has to impose the following Bianchi identities as well:
Rα[βγδ] = 0
∇[µRαβ]γδ = 0 (11)
∇[µHαβγ] = 0
[∇,∇]O − RO = 0
To impose these Bianchi identities in gauge invariant form, one may contract the left-hand side
of each Bianchi identity with the NS-NS field strengths and their derivatives to produce terms
at order α′3. The coefficients of these terms are arbitrary. Adding these terms to the equation
(10), then one can solve the equation to find the linear relations between only δc1, δc2, · · ·.
Alternatively, to impose the Bianchi identities in non-gauge invariant form, one may rewrite
the terms in (10) in the local frame in which the first derivative of metric is zero, and rewrite
the terms in (10) which have derivatives of H in terms of B-field, i.e., H = dB. In this way, the
Bianchi identities satisfy automatically [37]. In fact, writing the couplings in terms of potential
rather than field strength, there would be no Bianchi identity at all. We find that this latter
approach is easier to impose the Bianchi identities by computer. Moreover, in this approach
one does not need to introduce another large number of arbitrary parameters to include the
Bianchi identities to the equation (10).
Using the above steps, one can rewrite the different terms on the left-hand side of (10) in
terms of independent but non-gauge invariant couplings. The solution to the equation (10) then
has two parts. One part is 872 relations between only δci’s, and the other part is some relations
between the coefficients of the total derivative terms, field redefinitions and δci’s in which we
are not interested. The number of relations in the first part gives the number of independent
couplings in L3. In a particular scheme, one may set some of the coefficients in L′3 to zero,
however, after replacing the non-zero terms in (10), the number of relations between only δci’s
should not be changed, i.e., there must be always 872 relations. We set the coefficients of
the couplings in L′3 in which each term has R, Rµν , ∇µHµαβ, ∇µ∇µΦ zero. After setting this
coefficients to zero, there are still 872 relations between δci’s. This means we are allowed to
remove these terms.
We then try to set zero couplings in L′3 which have term with more then two derivatives.
Imposing this condition and then solving (10) again, one would find 871 relations between only
δci’s. It means that at least one of the independent couplings has terms with more than two
derivatives. We have found this independent coupling to be
LR2H∂∂H3 = c520HαβγRβµδζRγζǫε∇µ∇εHαδǫ (12)
The way we have found above coupling is that we divided the couplings involving more than two
derivatives to two parts. We then set the coefficients of one part to zero. If the corresponding
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equations in (10) gives 872 relations between the remaining δci’s then that choice is allowed,
otherwise the other part is allowed to set to zero. Again we divided the non-zero part to two
parts and set half of them to zero. If the corresponding equations in (10) gives 872 relations
between the remaining δci’s then that choice is allowed, otherwise the other part is allowed
to set to zero. Repeating this strategy one finds the above couplings is on of the independent
couplings. Apart from the above coupling, all other couplings which have terms with more
than two derivatives are allowed to be zero. There are still 2882 couplings which have no term
with more than two derivatives and have no terms with structures R, Rµν , ∇µHµαβ , ∇µ∇µΦ.
Hence, there are still many choices for choosing the non-zero coefficients such that they satisfy
the 872 relations δci = 0. In the particular scheme that we have chosen, the 872 couplings
appear in 55 structures.
One structure is (12) which has only one coupling. All other couplings appear in the
following 54 structures:
LH83 = c1HαδǫHαβ γHβεµ HγζηHδεθH ǫζ ιHµικHηθκ + c2HαδǫHαβγHβδεHγµζHǫµηHεθιHζθκHηικ
+c3Hαβ
δHαβγHγ
ǫεHδ
µζHǫε1
ηHε
θιHζθ
κHηικ + c4Hαβ
δHαβγHγ
ǫεHδ
µζHǫε
ηHε1
θιHζθ
κHηικ
+c5Hα
δǫHαβγHβδ
εHγǫ
µHε
ζηHµ
θιHζθ
κHηικ + c6Hαβ
δHαβγHγ
ǫεHδǫ
µHε
ζηHµ
θιHζθ
κHηικ
+c7Hα
δǫHαβγHβδ
εHγǫεHµ
θιHµζηHζθ
κHηικ + c8Hα
δǫHαβγHβ
εµHγ
ζηHδε
θHǫζ
ιHµη
κHθικ
LH7R3 = c9HαβδHαβγHǫζηHǫεµHεζθHµηιRγθδι + c13HαβδHαβγHγǫεHǫµζHµηθHηθιRδζει
+c14Hαβ
δHαβγHγ
ǫεHǫ
µζHε
ηθHµη
ιRδζθι + c15Hαβ
δHαβγHγ
ǫεHǫ
µζHµ
ηθHζη
ιRδθει
+c16Hαβ
δHαβγHγ
ǫεHǫε
µHζη
ιHζηθRδθµι + c17Hαβ
δHαβγHγ
ǫεHǫ
µζHεµ
ηHζ
θιRδθηι
+c18Hαβ
δHαβγHγ
ǫεHǫ
µζHµ
ηθHηθ
ιRδιεζ + c19Hαβ
δHαβγHγ
ǫεHǫ
µζHε
ηθHµζ
ιRδιηθ
+c31Hα
δǫHαβγHβ
εµHγ
ζηHδε
θHζθ
ιRǫηµι + c32Hα
δǫHαβγHβδ
εHγ
µζHµ
ηθHζη
ιRǫθει
+c50Hα
δǫHαβγHβδ
εHγ
µζHǫ
ηθHµη
ιRεζθι + c51Hαβ
δHαβγHγ
ǫεHδǫ
µHζη
ιHζηθRεθµι
+c52Hαβ
δHαβγHγ
ǫεHδ
µζHǫ
ηθHµη
ιRεθζι + c53Hαβ
δHαβγHγ
ǫεHδ
µζHǫµ
ηHη
θιRεθζι
+c54Hα
δǫHαβγHβδ
εHγ
µζHǫµ
ηHζ
θιRεθηι + c55Hαβ
δHαβγHγ
ǫεHδ
µζHǫ
ηθHηθ
ιRειµζ
+c56Hαβ
δHαβγHγ
ǫεHδ
µζHǫ
ηθHµη
ιRειζθ + c72Hαβ
δHαβγHγ
ǫεHδ
µζHǫ
ηθHεη
ιRµθζι
+c73Hαβ
δHαβγHγ
ǫεHδ
µζHǫε
ηHη
θιRµθζι + c74Hα
δǫHαβγHβ
εµHγ
ζηHδε
θHǫζ
ιRµθηι
+c75Hα
δǫHαβγHβδ
εHγǫ
µHε
ζηHζ
θιRµθηι + c76Hαβ
δHαβγHγ
ǫεHδǫ
µHε
ζηHζ
θιRµθηι
+c77Hα
δǫHαβγHβ
εµHγ
ζηHδε
θHǫζ
ιRµιηθ + c80Hα
δǫHαβγHβδ
εHγ
µζHǫµ
ηHε
θιRζθηι
+c81Hαβ
δHαβγHγ
ǫεHδ
µζHǫµ
ηHε
θιRζθηι + c82Hαβ
δHαβγHγ
ǫεHδ
µζHǫε
ηHµ
θιRζθηι
+c83Hα
δǫHαβγHβδ
εHγǫ
µHε
ζηHµ
θιRζθηι + c84Hαβ
δHαβγHγ
ǫεHδǫ
µHε
ζηHµ
θιRζθηι
+c85Hα
δǫHαβγHβδ
εHγǫεHµ
θιHµζηRζθηι + c86Hαβ
δHαβγHγ
ǫεHδǫεHµ
θιHµζηRζθηι
LR43 = c10RαβǫεRαβγδRγµǫζRδµεζ + c11RαǫγεRαβγδRβµǫζRδζεµ + c12RαβǫεRαβγδRγµǫζRδζεµ
+c20Rαβ
ǫεRαβγδRγ
µ
δ
ζRǫµεζ + c21Rαγβ
ǫRαβγδRδ
εµζRǫµεζ + c22Rα
ǫ
γ
εRαβγδRβ
µ
δ
ζRǫζεµ
+c33RαγβδR
αβγδRǫµεζR
ǫεµζ (13)
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LH2R33 = c23HαβγHδǫεRαµβζRγηδµRǫζεη + c24HαδǫHαβγRβδεµRγζεηRǫζµη
+c25Hα
δǫHαβγRβ
ε
δ
µRγ
ζ
ε
ηRǫζµη + c26Hα
δǫHαβγRβ
ε
γ
µRδ
ζ
ε
ηRǫζµη
+c27Hα
δǫHαβγRβ
ε
δ
µRγ
ζ
ε
ηRǫηµζ + c28Hα
δǫHαβγRβ
ε
γ
µRδ
ζ
ε
ηRǫηµζ
+c29Hαβ
δHαβγRγ
ǫεµRδ
ζ
ε
ηRǫηµζ + c34H
αβγHδǫεRαδβǫRγ
µζηRεζµη
+c35Hα
δǫHαβγRβ
ε
δ
µRγ
ζ
ǫ
ηRεζµη + c36Hαβ
δHαβγRγ
ǫεµRδǫ
ζηRεζµη
+c37Hα
δǫHαβγRβ
ε
γ
µRδ
ζ
ǫ
ηRεζµη + c38HαβγH
αβγRδǫ
ζηRδǫεµRεζµη
+c39Hα
δǫHαβγRβδγ
εRǫ
µζηRεζµη + c40Hαβ
δHαβγRγ
ǫ
δ
εRǫ
µζηRεζµη
+c41H
αβγHδǫεRαβ
µζRγδǫ
ηRεηµζ + c42H
αβγHδǫεRαδβ
µRγ
ζ
ǫ
ηRεηµζ
+c43Hα
δǫHαβγRβ
ε
δ
µRγ
ζ
ǫ
ηRεηµζ + c57Hα
δǫHαβγRβδγǫRεζµηR
εµζη (14)
LH4R23 = c30HαδǫHαβγHβεµHδζηRγθεζRǫθµη + c44HαβδHαβγHǫεµHζηθRγǫδζRεηµθ
+c45Hα
δǫHαβγHβ
εµHζηθRγζδǫRεηµθ + c46Hαβ
δHαβγHγ
ǫεHǫ
µζRδ
η
µ
θRεθζη
+c47Hαβ
δHαβγHγ
ǫεHµζηRδ
θ
ǫµRεθζη + c48Hα
δǫHαβγHβδ
εHγ
µζRǫ
η
µ
θRεθζη
+c49Hαβ
δHαβγHγ
ǫεHδ
µζRǫ
η
µ
θRεθζη + c58Hα
δǫHαβγHε
ηθHεµζRβδγǫRµηζθ
+c59Hαβ
δHαβγHǫε
ζHǫεµRγ
η
δ
θRµηζθ + c60Hα
δǫHαβγHβ
εµHδε
ζRγ
η
ǫ
θRµηζθ
+c61Hαβ
δHαβγHγ
ǫεHǫε
µRδ
ζηθRµηζθ + c62Hαβ
δHαβγHγ
ǫεHǫ
µζRδ
η
ε
θRµηζθ
+c63Hα
δǫHαβγHβδ
εHγ
µζRǫ
η
ε
θRµηζθ + c64Hαβ
δHαβγHγ
ǫεHδ
µζRǫ
η
ε
θRµηζθ
+c65Hα
δǫHαβγHβδ
εHγǫ
µRε
ζηθRµηζθ + c66Hαβ
δHαβγHγ
ǫεHδǫ
µRε
ζηθRµηζθ
+c67Hα
δǫHαβγHβ
εµHδ
ζηRγǫε
θRµθζη + c68Hαβ
δHαβγHǫ
ζηHǫεµRγεδ
θRµθζη
+c69Hα
δǫHαβγHβ
εµHδ
ζηRγεǫ
θRµθζη + c70Hα
δǫHαβγHβ
εµHδε
ζRγ
η
ǫ
θRµθζη
+c71Hα
δǫHαβγHβ
εµHγ
ζηRδǫε
θRµθζη + c78Hα
δǫHαβγHβδ
εHγǫεRµηζθR
µζηθ
+c79Hαβ
δHαβγHγ
ǫεHδǫεRµηζθR
µζηθ (15)
LH6(∂Φ)23 =
c87Hβ
ǫεHβγδHγǫ
µHδ
ζηHεζ
θHµηθ∇αΦ∇αΦ+ c88HβγǫHβγδHδεµHǫζηHεζθHµηθ∇αΦ∇αΦ
+c89HβγδH
βγδHǫ
ζηHǫεµHεζ
θHµηθ∇αΦ∇αΦ + c90HβγǫHβγδHδεµHǫζηHεµθHζηθ∇αΦ∇αΦ
+c91Hβγ
ǫHβγδHδ
εµHǫε
ζHµ
ηθHζηθ∇αΦ∇αΦ+ c92HβγδHβγδHǫεζHǫεµHµηθHζηθ∇αΦ∇αΦ
+c93HβγδH
βγδHǫεµH
ǫεµHζηθH
ζηθ∇αΦ∇αΦ + c108HαγδHβǫεHγµζHδηθHǫµζHεηθ∇αΦ∇βΦ
+c109Hα
γδHβ
ǫεHγ
µζHδµ
ηHǫζ
θHεηθ∇αΦ∇βΦ + c110HαγδHβǫεHγǫµHδζηHεζθHµηθ∇αΦ∇βΦ
+c111Hα
γδHβ
ǫεHγδ
µHǫ
ζηHεζ
θHµηθ∇αΦ∇βΦ + c112HαγδHβγǫHδεµHǫζηHεζθHµηθ∇αΦ∇βΦ
+c113Hα
γδHβγδHǫ
ζηHǫεµHεζ
θHµηθ∇αΦ∇βΦ+ c114HαγδHβγǫHδεµHǫζηHεµθHζηθ∇αΦ∇βΦ
+c115Hα
γδHβ
ǫεHγǫ
µHδµ
ζHε
ηθHζηθ∇αΦ∇βΦ + c116HαγδHβǫεHγδµHǫµζHεηθHζηθ∇αΦ∇βΦ
+c117Hα
γδHβ
ǫεHγǫ
µHδε
ζHµ
ηθHζηθ∇αΦ∇βΦ + c118HαγδHβǫεHγδµHǫεζHµηθHζηθ∇αΦ∇βΦ
+c119Hα
γδHβγ
ǫHδ
εµHǫε
ζHµ
ηθHζηθ∇αΦ∇βΦ + c120HαγδHβγδHǫεζHǫεµHµηθHζηθ∇αΦ∇βΦ
+c121Hα
γδHβ
ǫεHγǫ
µHδεµHζηθH
ζηθ∇αΦ∇βΦ+ c122HαγδHβǫεHγδµHǫεµHζηθHζηθ∇αΦ∇βΦ
+c123Hα
γδHβγ
ǫHδ
εµHǫεµHζηθH
ζηθ∇αΦ∇βΦ+ c124HαγδHβγδHǫεµHǫεµHζηθHζηθ∇αΦ∇βΦ
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LR3(∂Φ)23 = c94RβεδµRβγδǫRγµǫε∇αΦ∇αΦ + c95RβγεµRβγδǫRδεǫµ∇αΦ∇αΦ
+c148Rα
γδǫRβ
ε
δ
µRγµǫε∇αΦ∇βΦ+ c149RαγδǫRβγεµRδεǫµ∇αΦ∇βΦ
+c150Rα
γ
β
δRγ
ǫεµRδεǫµ∇αΦ∇βΦ (16)
LH4R(∂Φ)23 = c96HβǫεHβγδHγµζHǫµηRδεζη∇αΦ∇αΦ + c100HβγǫHβγδHεµηHεµζRδζǫη∇αΦ∇αΦ
+c103Hβγ
ǫHβγδHδ
εµHε
ζηRǫζµη∇αΦ∇αΦ + c105HβǫεHβγδHγǫµHδζηRεζµη∇αΦ∇αΦ
+c106Hβγ
ǫHβγδHδ
εµHǫ
ζηRεζµη∇αΦ∇αΦ + c107HβγδHβγδHǫζηHǫεµRεζµη∇αΦ∇αΦ
+c125Hγδ
εHγδǫHǫ
µζHµζ
ηRαεβη∇αΦ∇βΦ + c126HγεµHγδǫHδεζHǫµηRαζβη∇αΦ∇βΦ
+c127Hγδ
εHγδǫHǫ
µζHεµ
ηRαζβη∇αΦ∇βΦ + c128HγδǫHγδǫHεµηHεµζRαζβη∇αΦ∇βΦ
+c129Hα
γδHγ
ǫεHµζηH
µζηRβǫδε∇αΦ∇βΦ + c130HαγδHγǫεHǫµζHµζηRβεδη∇αΦ∇βΦ
+c131Hα
γδHγ
ǫεHδ
µζHǫµ
ηRβεζη∇αΦ∇βΦ+ c139HαγδHγǫεHǫµζHεµηRβζδη∇αΦ∇βΦ
+c140Hα
γδHγ
ǫεHǫε
µHµ
ζηRβζδη∇αΦ∇βΦ+ c141HαγδHγδǫHεµηHεµζRβζǫη∇αΦ∇βΦ
+c142Hα
γδHγ
ǫεHδǫ
µHε
ζηRβζµη∇αΦ∇βΦ+ c143HαγδHγδǫHǫεµHεζηRβζµη∇αΦ∇βΦ
+c144Hα
γδHγ
ǫεHǫ
µζHµζ
ηRβηδε∇αΦ∇βΦ+ c145HαγδHγǫεHδµζHǫεηRβηµζ∇αΦ∇βΦ
+c146Hα
γδHβ
ǫεHµζηH
µζηRγǫδε∇αΦ∇βΦ + c158HαγδHβγǫHεµηHεµζRδζǫη∇αΦ∇βΦ
+c159Hα
γδHβ
ǫεHγ
µζHǫµ
ηRδζεη∇αΦ∇βΦ+ c160HαγδHβǫεHγǫµHµζηRδζεη∇αΦ∇βΦ
+c161Hα
γδHβ
ǫεHγ
µζHµζ
ηRδηǫε∇αΦ∇βΦ+ c162HαγδHβǫεHγµζHǫµηRδηεζ∇αΦ∇βΦ
+c169Hα
γδHβ
ǫεHγ
µζHδµ
ηRǫζεη∇αΦ∇βΦ+ c170HαγδHβǫεHγδµHµζηRǫζεη∇αΦ∇βΦ
+c171Hα
γδHβγ
ǫHδ
εµHε
ζηRǫζµη∇αΦ∇βΦ+ c173HαγδHβǫεHγǫµHδζηRεζµη∇αΦ∇βΦ
+c174Hα
γδHβ
ǫεHγδ
µHǫ
ζηRεζµη∇αΦ∇βΦ+ c175HαγδHβγǫHδεµHǫζηRεζµη∇αΦ∇βΦ
+c176Hα
γδHβγδHǫ
ζηHǫεµRεζµη∇αΦ∇βΦ (17)
LH2R2(∂Φ)23 = c97HβǫεHβγδRγµǫζRδµεζ∇αΦ∇αΦ + c98HβγδHǫεµRβγǫζRδζεµ∇αΦ∇αΦ
+c99Hβ
ǫεHβγδRγ
µ
ǫ
ζRδζεµ∇αΦ∇αΦ + c101HβǫεHβγδRγµδζRǫµεζ∇αΦ∇αΦ
+c102Hβγ
ǫHβγδRδ
εµζRǫµεζ∇αΦ∇αΦ+ c104HβγδHβγδRǫµεζRǫεµζ∇αΦ∇αΦ
+c132Hγ
εµHγδǫRαδε
ζRβµǫζ∇αΦ∇βΦ+ c133HγδǫHγδǫRαεµζRβµεζ∇αΦ∇βΦ
+c134Hγδ
εHγδǫRα
µ
ǫ
ζRβµεζ∇αΦ∇βΦ + c135HγδǫHεµζRαγεµRβζδǫ∇αΦ∇βΦ
+c136Hγ
εµHγδǫRα
ζ
δεRβζǫµ∇αΦ∇βΦ + c137HγδεHγδǫRαµǫζRβζεµ∇αΦ∇βΦ
+c138Hγ
εµHγδǫRα
ζ
δǫRβζεµ∇αΦ∇βΦ + c147HαγδHǫεµRβζǫεRγµδζ∇αΦ∇βΦ
+c151H
γδǫHεµζRαγβεRδµǫζ∇αΦ∇βΦ + c152HαγδHγǫεRβµǫζRδµεζ∇αΦ∇βΦ
+c153Hα
γδHβ
ǫεRγ
µ
ǫ
ζRδµεζ∇αΦ∇βΦ+ c154HαγδHǫεµRβǫγζRδζεµ∇αΦ∇βΦ
+c155Hα
γδHγ
ǫεRβ
µ
ǫ
ζRδζεµ∇αΦ∇βΦ+ c156HαγδHǫεµRβζγǫRδζεµ∇αΦ∇βΦ
+c157Hα
γδHβ
ǫεRγ
µ
ǫ
ζRδζεµ∇αΦ∇βΦ+ c163HγδεHγδǫRαµβζRǫµεζ∇αΦ∇βΦ
+c164Hα
γδHγδ
ǫRβ
εµζRǫµεζ∇αΦ∇βΦ + c165HαγδHγǫεRβµδζRǫµεζ∇αΦ∇βΦ
+c166Hα
γδHβ
ǫεRγ
µ
δ
ζRǫµεζ∇αΦ∇βΦ+ c167HαγδHβγǫRδεµζRǫµεζ∇αΦ∇βΦ
+c168Hγ
εµHγδǫRαδβ
ζRǫζεµ∇αΦ∇βΦ+ c172HαγδHβγδRǫµεζRǫεµζ∇αΦ∇βΦ (18)
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LH4(∂Φ)43 =
c177Hγ
εµHγδǫHδε
ζHǫµζ∇αΦ∇αΦ∇βΦ∇βΦ + c256HβδǫHγεµHδεζHǫµζ∇αΦ∇αΦ∇βΦ∇γΦ
+c287Hα
ǫεHβǫ
µHγε
ζHδµζ∇αΦ∇βΦ∇γΦ∇δΦ + c288HαǫεHβǫεHγµζHδµζ∇αΦ∇βΦ∇γΦ∇δΦ
LR2(∂Φ)43 =c178RγǫδεRγδǫε∇αΦ∇αΦ∇βΦ∇βΦ+ c289RαǫβεRγǫδε∇αΦ∇βΦ∇γΦ∇δΦ (19)
LH2R(∂Φ)43 =c179HγεµHγδǫRδεǫµ∇αΦ∇αΦ∇βΦ∇βΦ+ c257HβδǫHγεµRδεǫµ∇αΦ∇αΦ∇βΦ∇γΦ
LH4(∂Φ)2∂∂Φ3 =
c180Hγ
εµHγδǫHδε
ζHǫµζ∇αΦ∇β∇αΦ∇βΦ + c259HβδǫHγεµHδεζHǫµζ∇αΦ∇βΦ∇γ∇αΦ
+c274Hβ
δǫHγ
εµHδε
ζHǫµζ∇αΦ∇αΦ∇γ∇βΦ + c275HβδǫHγδεHǫµζHεµζ∇αΦ∇αΦ∇γ∇βΦ
+c309Hα
ǫεHβ
µζHγǫµHδεζ∇αΦ∇βΦ∇δ∇γΦ + c310HαǫεHβµζHγǫεHδµζ∇αΦ∇βΦ∇δ∇γΦ
+c311Hα
ǫεHβǫ
µHγε
ζHδµζ∇αΦ∇βΦ∇δ∇γΦ + c312HαǫεHβǫεHγµζHδµζ∇αΦ∇βΦ∇δ∇γΦ
+c313Hαγ
ǫHβ
εµHδε
ζHǫµζ∇αΦ∇βΦ∇δ∇γΦ + c314HαγǫHβεµHδǫζHεµζ∇αΦ∇βΦ∇δ∇γΦ
+c315Hαγ
ǫHβǫ
εHδ
µζHεµζ∇αΦ∇βΦ∇δ∇γΦ + c316HαγǫHβδεHǫµζHεµζ∇αΦ∇βΦ∇δ∇γΦ
+c317Hαγ
ǫHβδǫHεµζH
εµζ∇αΦ∇βΦ∇δ∇γΦ (20)
LR2(∂Φ)2∂∂Φ3 = c181RγǫδεRγδǫε∇αΦ∇β∇αΦ∇βΦ+ c261RβδǫεRγǫδε∇αΦ∇βΦ∇γ∇αΦ
+c277Rβ
δǫεRγǫδε∇αΦ∇αΦ∇γ∇βΦ+ c321RαǫγεRβǫδε∇αΦ∇βΦ∇δ∇γΦ
+c322Rα
ǫ
γ
εRβεδǫ∇αΦ∇βΦ∇δ∇γΦ + c326RαǫβεRγǫδε∇αΦ∇βΦ∇δ∇γΦ (21)
LH2R(∂Φ)2∂∂Φ3 = c182HγεµHγδǫRδεǫµ∇αΦ∇β∇αΦ∇βΦ+ c260HδǫµHδǫεRβεγµ∇αΦ∇βΦ∇γ∇αΦ
+c262Hβ
δǫHδ
εµRγεǫµ∇αΦ∇βΦ∇γ∇αΦ + c263HβδǫHγεµRδεǫµ∇αΦ∇βΦ∇γ∇αΦ
+c276Hδǫ
µHδǫεRβεγµ∇αΦ∇αΦ∇γ∇βΦ + c278HβδǫHδεµRγεǫµ∇αΦ∇αΦ∇γ∇βΦ
+c279Hβ
δǫHγ
εµRδεǫµ∇αΦ∇αΦ∇γ∇βΦ + c318HγǫεHǫεµRαδβµ∇αΦ∇βΦ∇δ∇γΦ
+c319Hγ
ǫεHδǫ
µRαεβµ∇αΦ∇βΦ∇δ∇γΦ + c320HαǫεHǫεµRβγδµ∇αΦ∇βΦ∇δ∇γΦ
+c323Hα
ǫεHγǫ
µRβεδµ∇αΦ∇βΦ∇δ∇γΦ + c324HαγǫHǫεµRβεδµ∇αΦ∇βΦ∇δ∇γΦ
+c325Hα
ǫεHγǫ
µRβµδε∇αΦ∇βΦ∇δ∇γΦ + c327HαǫεHβǫµRγεδµ∇αΦ∇βΦ∇δ∇γΦ
+c328Hαγ
ǫHβ
εµRδεǫµ∇αΦ∇βΦ∇δ∇γΦ (22)
LH6∂∂Φ3 = c183HαγδHβǫεHγµζHδηθHǫµζHεηθ∇β∇αΦ+ c184HαγδHβǫεHγµζHδµηHǫζθHεηθ∇β∇αΦ
+c185Hα
γδHβ
ǫεHγǫ
µHδ
ζηHεζ
θHµηθ∇β∇αΦ+ c186HαγδHβǫεHγδµHǫζηHεζθHµηθ∇β∇αΦ
+c187Hα
γδHβγ
ǫHδ
εµHǫ
ζηHεζ
θHµηθ∇β∇αΦ+ c188HαγδHβγδHǫζηHǫεµHεζθHµηθ∇β∇αΦ
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+c189Hα
γδHβγ
ǫHδ
εµHǫ
ζηHεµ
θHζηθ∇β∇αΦ+ c190HαγδHβǫεHγǫµHδµζHεηθHζηθ∇β∇αΦ
+c191Hα
γδHβ
ǫεHγδ
µHǫµ
ζHε
ηθHζηθ∇β∇αΦ+ c192HαγδHβǫεHγǫµHδεζHµηθHζηθ∇β∇αΦ
+c193Hα
γδHβ
ǫεHγδ
µHǫε
ζHµ
ηθHζηθ∇β∇αΦ+ c194HαγδHβγǫHδεµHǫεζHµηθHζηθ∇β∇αΦ
+c195Hα
γδHβγδHǫε
ζHǫεµHµ
ηθHζηθ∇β∇αΦ + c196HαγδHβǫεHγǫµHδεµHζηθHζηθ∇β∇αΦ
+c197Hα
γδHβ
ǫεHγδ
µHǫεµHζηθH
ζηθ∇β∇αΦ + c198HαγδHβγǫHδεµHǫεµHζηθHζηθ∇β∇αΦ
+c199Hα
γδHβγδHǫεµH
ǫεµHζηθH
ζηθ∇β∇αΦ (23)
LH4R∂∂Φ3 = c200HγδεHγδǫHǫµζHµζηRαεβη∇β∇αΦ + c201HγεµHγδǫHδεζHǫµηRαζβη∇β∇αΦ
+c202Hγδ
εHγδǫHǫ
µζHεµ
ηRαζβη∇β∇αΦ + c203HγδǫHγδǫHεµηHεµζRαζβη∇β∇αΦ
+c204Hα
γδHγ
ǫεHµζηH
µζηRβǫδε∇β∇αΦ + c205HαγδHγǫεHǫµζHµζηRβεδη∇β∇αΦ
+c206Hα
γδHγ
ǫεHδ
µζHǫµ
ηRβεζη∇β∇αΦ+ c214HαγδHγǫεHǫµζHεµηRβζδη∇β∇αΦ
+c215Hα
γδHγ
ǫεHǫε
µHµ
ζηRβζδη∇β∇αΦ+ c216HαγδHγδǫHεµηHεµζRβζǫη∇β∇αΦ
+c217Hα
γδHγ
ǫεHδǫ
µHε
ζηRβζµη∇β∇αΦ+ c218HαγδHγδǫHǫεµHεζηRβζµη∇β∇αΦ
+c219Hα
γδHγ
ǫεHǫ
µζHµζ
ηRβηδε∇β∇αΦ+ c220HαγδHγǫεHδµζHǫεηRβηµζ∇β∇αΦ
+c221Hα
γδHβ
ǫεHµζηH
µζηRγǫδε∇β∇αΦ + c233HαγδHβγǫHεµηHεµζRδζǫη∇β∇αΦ
+c234Hα
γδHβ
ǫεHγ
µζHǫµ
ηRδζεη∇β∇αΦ+ c235HαγδHβǫεHγǫµHµζηRδζεη∇β∇αΦ
+c236Hα
γδHβ
ǫεHγ
µζHµζ
ηRδηǫε∇β∇αΦ+ c237HαγδHβǫεHγµζHǫµηRδηεζ∇β∇αΦ
+c244Hα
γδHβ
ǫεHγ
µζHδµ
ηRǫζεη∇β∇αΦ+ c245HαγδHβǫεHγδµHµζηRǫζεη∇β∇αΦ
+c246Hα
γδHβγ
ǫHδ
εµHε
ζηRǫζµη∇β∇αΦ+ c248HαγδHβǫεHγǫµHδζηRεζµη∇β∇αΦ
+c249Hα
γδHβ
ǫεHγδ
µHǫ
ζηRεζµη∇β∇αΦ+ c250HαγδHβγǫHδεµHǫζηRεζµη∇β∇αΦ
+c251Hα
γδHβγδHǫ
ζηHǫεµRεζµη∇β∇αΦ (24)
LH2R2∂∂Φ3 = c207HγεµHγδǫRαδεζRβµǫζ∇β∇αΦ+ c208HγδǫHγδǫRαεµζRβµεζ∇β∇αΦ
+c209Hγδ
εHγδǫRα
µ
ǫ
ζRβµεζ∇β∇αΦ + c210HγδǫHεµζRαγεµRβζδǫ∇β∇αΦ
+c211Hγ
εµHγδǫRα
ζ
δεRβζǫµ∇β∇αΦ+ c212HγδεHγδǫRαµǫζRβζεµ∇β∇αΦ
+c213Hγ
εµHγδǫRα
ζ
δǫRβζεµ∇β∇αΦ+ c222HαγδHǫεµRβζǫεRγµδζ∇β∇αΦ
+c226H
γδǫHεµζRαγβεRδµǫζ∇β∇αΦ + c227HαγδHγǫεRβµǫζRδµεζ∇β∇αΦ
+c228Hα
γδHβ
ǫεRγ
µ
ǫ
ζRδµεζ∇β∇αΦ + c229HαγδHǫεµRβǫγζRδζεµ∇β∇αΦ
+c230Hα
γδHγ
ǫεRβ
µ
ǫ
ζRδζεµ∇β∇αΦ + c231HαγδHǫεµRβζγǫRδζεµ∇β∇αΦ
+c232Hα
γδHβ
ǫεRγ
µ
ǫ
ζRδζεµ∇β∇αΦ + c238HγδεHγδǫRαµβζRǫµεζ∇β∇αΦ
+c239Hα
γδHγδ
ǫRβ
εµζRǫµεζ∇β∇αΦ + c240HαγδHγǫεRβµδζRǫµεζ∇β∇αΦ
+c241Hα
γδHβ
ǫεRγ
µ
δ
ζRǫµεζ∇β∇αΦ + c242HαγδHβγǫRδεµζRǫµεζ∇β∇αΦ
+c243Hγ
εµHγδǫRαδβ
ζRǫζεµ∇β∇αΦ+ c247HαγδHβγδRǫµεζRǫεµζ∇β∇αΦ (25)
LR3∂∂Φ3 = c223RαγδǫRβεδµRγµǫε∇β∇αΦ+ c224RαγδǫRβγεµRδεǫµ∇β∇αΦ
+c225Rα
γ
β
δRγ
ǫεµRδεǫµ∇β∇αΦ (26)
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LH4(∂∂Φ)23 = c252HγεµHγδǫHδεζHǫµζ∇β∇αΦ∇β∇αΦ+ c253HγδǫHγδǫHεµζHεµζ∇β∇αΦ∇β∇αΦ
+c264Hβ
δǫHγ
εµHδε
ζHǫµζ∇β∇αΦ∇γ∇αΦ+ c265HβδǫHγεµHδǫζHεµζ∇β∇αΦ∇γ∇αΦ
+c266Hβ
δǫHγδ
εHǫ
µζHεµζ∇β∇αΦ∇γ∇αΦ+ c267HβδǫHγδǫHεµζHεµζ∇β∇αΦ∇γ∇αΦ
+c331Hα
ǫεHβ
µζHγǫµHδεζ∇β∇αΦ∇δ∇γΦ+ c332HαǫεHβµζHγǫεHδµζ∇β∇αΦ∇δ∇γΦ
+c333Hα
ǫεHβǫ
µHγε
ζHδµζ∇β∇αΦ∇δ∇γΦ+ c334HαǫεHβǫεHγµζHδµζ∇β∇αΦ∇δ∇γΦ
+c335Hαγ
ǫHβ
εµHδε
ζHǫµζ∇β∇αΦ∇δ∇γΦ+ c336HαγǫHβǫεHδµζHεµζ∇β∇αΦ∇δ∇γΦ
+c337Hαγ
ǫHβδ
εHǫ
µζHεµζ∇β∇αΦ∇δ∇γΦ+ c338HαγǫHβδǫHεµζHεµζ∇β∇αΦ∇δ∇γΦ
LR2(∂∂Φ)23 = c254RγǫδεRγδǫε∇β∇αΦ∇β∇αΦ+ c269RβδǫεRγǫδε∇β∇αΦ∇γ∇αΦ
+c341Rα
ǫ
γ
εRβǫδε∇β∇αΦ∇δ∇γΦ + c342RαǫγεRβεδǫ∇β∇αΦ∇δ∇γΦ
+c346Rα
ǫ
β
εRγǫδε∇β∇αΦ∇δ∇γΦ (27)
LH2R(∂∂Φ)23 = c255HγεµHγδǫRδεǫµ∇β∇αΦ∇β∇αΦ + c268HδǫµHδǫεRβεγµ∇β∇αΦ∇γ∇αΦ
+c270Hβ
δǫHδ
εµRγεǫµ∇β∇αΦ∇γ∇αΦ+ c271HβδǫHγεµRδεǫµ∇β∇αΦ∇γ∇αΦ
+c339HǫεµH
ǫεµRαγβδ∇β∇αΦ∇δ∇γΦ + c340HαǫεHǫεµRβγδµ∇β∇αΦ∇δ∇γΦ
+c343Hα
ǫεHγǫ
µRβεδµ∇β∇αΦ∇δ∇γΦ+ c344HαγǫHǫεµRβεδµ∇β∇αΦ∇δ∇γΦ
+c345Hα
ǫεHγǫ
µRβµδε∇β∇αΦ∇δ∇γΦ+ c347HαǫεHβǫµRγεδµ∇β∇αΦ∇δ∇γΦ
+c348Hαγ
ǫHβ
εµRδεǫµ∇β∇αΦ∇δ∇γΦ (28)
LH2(∂Φ)4∂∂Φ3 =
c258HδǫεH
δǫε∇αΦ∇αΦ∇βΦ∇γ∇βΦ∇γΦ + c290HγǫεHδǫε∇αΦ∇β∇αΦ∇βΦ∇γΦ∇δΦ
+c298Hγ
ǫεHδǫε∇αΦ∇αΦ∇βΦ∇γΦ∇δ∇βΦ + c329HγǫεHδǫε∇αΦ∇αΦ∇βΦ∇βΦ∇δ∇γΦ
+c373Hβδ
εHγǫε∇αΦ∇αΦ∇βΦ∇γΦ∇ǫ∇δΦ (29)
LH2(∂Φ)2(∂∂Φ)23 =
c272HδǫεH
δǫε∇αΦ∇βΦ∇γ∇βΦ∇γ∇αΦ + c280HδǫεHδǫε∇αΦ∇αΦ∇γ∇βΦ∇γ∇βΦ
+c299Hγ
ǫεHδǫε∇αΦ∇βΦ∇γ∇αΦ∇δ∇βΦ + c301HγǫεHδǫε∇αΦ∇αΦ∇γ∇βΦ∇δ∇βΦ
+c308Hβ
ǫεHδǫε∇αΦ∇βΦ∇γ∇αΦ∇δ∇γΦ + c330HγǫεHδǫε∇αΦ∇β∇αΦ∇βΦ∇δ∇γΦ
+c358Hα
ǫεHβǫε∇αΦ∇βΦ∇δ∇γΦ∇δ∇γΦ + c371HαδεHβǫε∇αΦ∇βΦ∇δ∇γΦ∇ǫ∇γΦ
+c376Hβδ
εHγǫε∇αΦ∇βΦ∇γ∇αΦ∇ǫ∇δΦ + c380HβδεHγǫε∇αΦ∇αΦ∇γ∇βΦ∇ǫ∇δΦ
+c436HαγǫHβδε∇αΦ∇βΦ∇δ∇γΦ∇ε∇ǫΦ (30)
LH2(∂∂Φ)33 = c273HδǫεHδǫε∇β∇αΦ∇γ∇βΦ∇γ∇αΦ+ c300HγǫεHδǫε∇β∇αΦ∇γ∇αΦ∇δ∇βΦ
+c349Hγ
ǫεHδǫε∇β∇αΦ∇β∇αΦ∇δ∇γΦ+ c378HβδεHγǫε∇β∇αΦ∇γ∇αΦ∇ǫ∇δΦ
+c437HαγǫHβδε∇β∇αΦ∇δ∇γΦ∇ε∇ǫΦ (31)
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LH∂HR∂Φ∂∂Φ3 = c281HαδǫRγεǫµ∇αΦ∇γ∇βΦ∇δHβεµ + c363HδǫεRαµγε∇αΦ∇γ∇βΦ∇ǫHβδµ
+c471Hβ
δǫRγεǫµ∇αΦ∇γ∇βΦ∇µHαδε + c479HγδǫRδεǫµ∇αΦ∇β∇αΦ∇µHβγε
+c482H
δǫεRαµγε∇αΦ∇γ∇βΦ∇µHβδǫ + c483HαδǫRγεǫµ∇αΦ∇γ∇βΦ∇µHβδε
+c484Hα
δǫRγµǫε∇αΦ∇γ∇βΦ∇µHβδε + c495HγδǫRβεǫµ∇αΦ∇β∇αΦ∇µHγδε
+c496H
γδǫRβµǫε∇αΦ∇β∇αΦ∇µHγδε + c497HβδǫRαεǫµ∇αΦ∇γ∇βΦ∇µHγδε
+c498Hβ
δǫRαµǫε∇αΦ∇γ∇βΦ∇µHγδε + c505HβγδRδµǫε∇αΦ∇β∇αΦ∇µHγǫε
+c507Hαβ
δRδµǫε∇αΦ∇γ∇βΦ∇µHγǫε + c510HβδǫRαεγµ∇αΦ∇γ∇βΦ∇µHδǫε
+c511Hβ
δǫRαµγε∇αΦ∇γ∇βΦ∇µHδǫε + c512HαδǫRβεγµ∇αΦ∇γ∇βΦ∇µHδǫε
+c513Hαβ
δRγµǫε∇αΦ∇γ∇βΦ∇µHδǫε (32)
L(∂H)2R23 = c282RǫµεζRǫεµζ∇δHαβγ∇δHαβγ + c283RγεµζRǫµεζ∇δHαβǫ∇δHαβγ
+c284Rβ
µ
ǫ
ζRγµεζ∇δHαǫε∇δHαβγ + c285RβµǫζRγζεµ∇δHαǫε∇δHαβγ
+c286Rβ
µ
γ
ζRǫµεζ∇δHαǫε∇δHαβγ + c369RγεµζRǫµεζ∇δHαβγ∇ǫHαβδ
+c407Rγ
µ
ǫ
ζRδµεζ∇δHαβγ∇εHαβǫ + c408RγµǫζRδζεµ∇δHαβγ∇εHαβǫ
+c409Rγ
µ
δ
ζRǫζεµ∇δHαβγ∇εHαβǫ + c416RβµǫζRγµεζ∇δHαβγ∇εHαδǫ
+c417Rβ
µ
ǫ
ζRγζεµ∇δHαβγ∇εHαδǫ + c418RβµγζRǫµεζ∇δHαβγ∇εHαδǫ
+c475Rβµǫ
ζRγζδε∇δHαβγ∇µHαǫε + c476RβǫγζRδµεζ∇δHαβγ∇µHαǫε
+c477Rβγǫ
ζRδζεµ∇δHαβγ∇µHαǫε + c478RβδγζRǫµεζ∇δHαβγ∇µHαǫε
+c514Rαǫβ
ζRγµεζ∇δHαβγ∇µHδǫε + c515RαµβζRγζǫε∇δHαβγ∇µHδǫε
+c516Rαǫβ
ζRγζεµ∇δHαβγ∇µHδǫε + c697RαǫβεRγµδζ∇δHαβγ∇ζHǫεµ
+c698RαǫβεRγζδµ∇δHαβγ∇ζHǫεµ + c699RαβδǫRγζεµ∇δHαβγ∇ζHǫεµ (33)
LH∂H(∂Φ)53 =c291Hβǫε∇αΦ∇αΦ∇βΦ∇γΦ∇δHγǫε∇δΦ (34)
L(∂H)2(∂Φ)43 = c292∇αΦ∇βHαǫε∇βΦ∇γΦ∇δHγǫε∇δΦ+ c425∇αΦ∇αΦ∇βΦ∇γΦ∇ǫHγδε∇εHβδǫ
+c428∇αΦ∇αΦ∇βΦ∇γΦ∇εHγδǫ∇εHβδǫ + c433∇αΦ∇αΦ∇βΦ∇βΦ∇εHγδǫ∇εHγδǫ
L(∂Φ)83 =c293∇αΦ∇αΦ∇βΦ∇βΦ∇γΦ∇γΦ∇δΦ∇δΦ (35)
L(∂Φ)6∂∂Φ3 =c294∇αΦ∇αΦ∇βΦ∇βΦ∇γΦ∇δ∇γΦ∇δΦ (36)
L(∂Φ)4(∂∂Φ)23 = c295∇αΦ∇β∇αΦ∇βΦ∇γΦ∇δ∇γΦ∇δΦ+ c304∇αΦ∇αΦ∇βΦ∇γΦ∇δ∇γΦ∇δ∇βΦ
+c359∇αΦ∇αΦ∇βΦ∇βΦ∇δ∇γΦ∇δ∇γΦ (37)
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LH∂H(∂Φ)3∂∂Φ3 =
c296Hδ
ǫε∇αΦ∇βΦ∇γHβǫε∇γΦ∇δ∇αΦ + c297Hβǫε∇αΦ∇βΦ∇γΦ∇δHγǫε∇δ∇αΦ
+c350Hγ
ǫε∇αΦ∇αΦ∇βΦ∇δHβǫε∇δ∇γΦ + c354Hβǫε∇αΦ∇αΦ∇βΦ∇δHγǫε∇δ∇γΦ
+c375Hαδ
ε∇αΦ∇βΦ∇γHβǫε∇γΦ∇ǫ∇δΦ + c387Hγǫε∇αΦ∇αΦ∇βΦ∇δ∇γΦ∇εHβδǫ
+c392Hβ
ǫε∇αΦ∇βΦ∇γΦ∇δ∇αΦ∇εHγδǫ (38)
LH∂H∂Φ(∂∂Φ)23 = c302Hγǫε∇αΦ∇γ∇βΦ∇δHαǫε∇δ∇βΦ + c303Hαǫε∇αΦ∇γ∇βΦ∇δHγǫε∇δ∇βΦ
+c351Hγ
ǫε∇αΦ∇β∇αΦ∇δHβǫε∇δ∇γΦ + c356Hβǫε∇αΦ∇β∇αΦ∇δHγǫε∇δ∇γΦ
+c382Hβδ
ε∇αΦ∇γ∇βΦ∇ǫHαγε∇ǫ∇δΦ + c383Hαβε∇αΦ∇γ∇βΦ∇ǫHγδε∇ǫ∇δΦ
+c384Hβδ
ε∇αΦ∇γ∇βΦ∇ǫ∇δΦ∇εHαγǫ + c385Hγǫε∇αΦ∇γ∇βΦ∇δ∇βΦ∇εHαδǫ
+c388Hγ
ǫε∇αΦ∇β∇αΦ∇δ∇γΦ∇εHβδǫ + c391Hδǫε∇αΦ∇β∇αΦ∇γ∇βΦ∇εHγδǫ
L(∂Φ)2(∂∂Φ)33 = c305∇αΦ∇βΦ∇γ∇αΦ∇δ∇γΦ∇δ∇βΦ+ c307∇αΦ∇αΦ∇γ∇βΦ∇δ∇γΦ∇δ∇βΦ
+c360∇αΦ∇β∇αΦ∇βΦ∇δ∇γΦ∇δ∇γΦ (39)
L(∂∂Φ)43 =c306∇β∇αΦ∇γ∇αΦ∇δ∇γΦ∇δ∇βΦ + c361∇β∇αΦ∇β∇αΦ∇δ∇γΦ∇δ∇γΦ (40)
L(∂H)2(∂Φ)2∂∂Φ3 = c352∇αΦ∇βΦ∇γHαǫε∇δHβǫε∇δ∇γΦ + c355∇αΦ∇βHαǫε∇βΦ∇δHγǫε∇δ∇γΦ
+c411∇αΦ∇βΦ∇δHβǫε∇δ∇γΦ∇εHαγǫ + c412∇αΦ∇βΦ∇δ∇γΦ∇ǫHβδε∇εHαγǫ
+c414∇αΦ∇βΦ∇δ∇γΦ∇εHβδǫ∇εHαγǫ + c427∇αΦ∇αΦ∇γ∇βΦ∇ǫHγδε∇εHβδǫ
+c429∇αΦ∇βΦ∇γ∇αΦ∇εHγδǫ∇εHβδǫ + c431∇αΦ∇αΦ∇γ∇βΦ∇εHγδǫ∇εHβδǫ
+c432∇αΦ∇βHδǫε∇βΦ∇γ∇αΦ∇εHγδǫ + c434∇αΦ∇β∇αΦ∇βΦ∇εHγδǫ∇εHγδǫ
L(∂H)2(∂∂Φ)23 = c353∇β∇αΦ∇γHαǫε∇δHβǫε∇δ∇γΦ + c357∇βHαǫε∇β∇αΦ∇δHγǫε∇δ∇γΦ
+c413∇β∇αΦ∇δ∇γΦ∇ǫHβδε∇εHαγǫ + c415∇β∇αΦ∇δ∇γΦ∇εHβδǫ∇εHαγǫ
+c426∇β∇αΦ∇γ∇αΦ∇ǫHγδε∇εHβδǫ + c430∇β∇αΦ∇γ∇αΦ∇εHγδǫ∇εHβδǫ
+c435∇β∇αΦ∇β∇αΦ∇εHγδǫ∇εHγδǫ (41)
LH3∂HR∂Φ3 = c362HαβγHδµζHδǫεRεηµζ∇αΦ∇ǫHβγη + c366HαβγHβδǫHδεµRεζµη∇αΦ∇ǫHγζη
+c367Hβγ
ǫHβγδHεµζRαηµζ∇αΦ∇ǫHδεη + c386HβγǫHβγδHδεµRǫζµη∇αΦ∇εHαζη
+c389Hα
βγHδ
µζHδǫεRγηµζ∇αΦ∇εHβǫη + c390HαβγHδǫµHδǫεRγζµη∇αΦ∇εHβζη
+c393Hα
βγHβ
δǫHδ
εµRǫζµη∇αΦ∇εHγζη + c394HαβγHβδǫHεµζRγηµζ∇αΦ∇εHδǫη
+c397Hα
βγHβ
δǫHγ
εµRǫζµη∇αΦ∇εHδζη + c402HβγǫHβγδHδεµRαζµη∇αΦ∇εHǫζη
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+c403Hα
βγHβ
δǫHδ
εµRγζµη∇αΦ∇εHǫζη + c438HβǫεHβγδHµζηRǫζεη∇αΦ∇µHαγδ
+c439Hβ
ǫεHβγδHµζηRδζεη∇αΦ∇µHαγǫ + c440HβǫεHβγδHγµζRδζεη∇αΦ∇µHαǫη
+c441Hβ
ǫεHβγδHγ
µζRδηεζ∇αΦ∇µHαǫη + c442HβγǫHβγδHεµζRδζǫη∇αΦ∇µHαεη
+c444Hα
βγHδǫεHµζηRǫζεη∇αΦ∇µHβγδ + c445HαβγHδǫεHµζηRγζεη∇αΦ∇µHβδǫ
+c446Hα
βγHδ
µζHδǫεRγζεη∇αΦ∇µHβǫη + c447HαβγHδµζHδǫεRγηεζ∇αΦ∇µHβǫη
+c448Hβ
ǫεHβγδHµζηRαζεη∇αΦ∇µHγδǫ + c451HαβγHβδǫHεµζRδζǫη∇αΦ∇µHγεη
+c455Hα
βγHδǫεHµζηRβζγη∇αΦ∇µHδǫε + c456HβǫεHβγδHγµζRαζεη∇αΦ∇µHδǫη
+c457Hβ
ǫεHβγδHγ
µζRαηεζ∇αΦ∇µHδǫη + c458HβγǫHβγδHεµζRαζǫη∇αΦ∇µHδεη
+c459Hβγ
ǫHβγδHεµζRαηǫζ∇αΦ∇µHδεη + c460HαβγHβδǫHεµζRγζǫη∇αΦ∇µHδεη
+c461Hα
βγHβ
δǫHεµζRγηǫζ∇αΦ∇µHδεη + c462HβǫεHβγδHγµζRαζδη∇αΦ∇µHǫεη
+c463Hβ
ǫεHβγδHγ
µζRαηδζ∇αΦ∇µHǫεη + c464HαβγHδµζHδǫεRβζγη∇αΦ∇µHǫεη
+c470Hα
βγHδǫ
µHδǫεRβζγη∇αΦ∇µHεζη + c524HβǫεHβγδHµζηRδηǫε∇αΦ∇ζHαγµ
+c525Hβ
ǫεHβγδHµζηRαηǫε∇αΦ∇ζHγδµ + c526HβǫεHβγδHµζηRαηδε∇αΦ∇ζHγǫµ
+c527Hα
βγHδǫεHµζηRβεγη∇αΦ∇ζHδǫµ + c528HβǫεHβγδHµζηRγǫδε∇αΦ∇ηHαµζ
+c529Hβ
ǫεHβγδHµζηRαǫδε∇αΦ∇ηHγµζ + c530HαβγHδµζHδǫεRεηµζ∇αΦ∇ηHβγǫ
+c531Hα
βγHδǫ
µHδǫεRεζµη∇αΦ∇ηHβγζ + c532HαβγHδµζHδǫεRγηµζ∇αΦ∇ηHβǫε
+c533Hα
βγHδ
µζHδǫεRγηεζ∇αΦ∇ηHβǫµ + c534HαβγHδǫµHδǫεRγζµη∇αΦ∇ηHβεζ
+c535Hα
βγHδǫ
µHδǫεRγηµζ∇αΦ∇ηHβεζ + c536HαβγHδǫεHδǫεRγηµζ∇αΦ∇ηHβµζ
+c537Hα
βγHβ
δǫHεµζRǫηµζ∇αΦ∇ηHγδε + c538HαβγHβδǫHδεµRεζµη∇αΦ∇ηHγǫζ
+c539Hα
βγHβ
δǫHεµζRδζǫη∇αΦ∇ηHγεµ + c540HαβγHβδǫHδεµRǫζµη∇αΦ∇ηHγεζ
+c541Hα
βγHβ
δǫHδ
εµRǫηµζ∇αΦ∇ηHγεζ + c542HαβγHβδǫHδǫεRεηµζ∇αΦ∇ηHγµζ
+c543Hβ
ǫεHβγδHγ
µζRαηµζ∇αΦ∇ηHδǫε + c544HαβγHβδǫHεµζRγηµζ∇αΦ∇ηHδǫε
+c545Hα
βγHβ
δǫHγ
εµRεζµη∇αΦ∇ηHδǫζ + c546HαβγHβγδHǫεµRεζµη∇αΦ∇ηHδǫζ
+c547Hβγ
ǫHβγδHεµζRαηǫζ∇αΦ∇ηHδεµ + c548HαβγHβδǫHεµζRγζǫη∇αΦ∇ηHδεµ
+c549Hα
βγHβ
δǫHεµζRγηǫζ∇αΦ∇ηHδεµ + c550HβǫεHβγδHγǫµRαζµη∇αΦ∇ηHδεζ
+c551Hβ
ǫεHβγδHγǫ
µRαηµζ∇αΦ∇ηHδεζ + c552HαβγHβδǫHγεµRǫζµη∇αΦ∇ηHδεζ
+c553Hβ
ǫεHβγδHγ
µζRαηδζ∇αΦ∇ηHǫεµ + c554HαβγHδµζHδǫεRβζγη∇αΦ∇ηHǫεµ
+c555Hβγ
ǫHβγδHδ
εµRαζµη∇αΦ∇ηHǫεζ + c556HβγǫHβγδHδεµRαηµζ∇αΦ∇ηHǫεζ
+c557HβγδH
βγδHǫεµRαηµζ∇αΦ∇ηHǫεζ + c558HαβγHβδǫHδεµRγζµη∇αΦ∇ηHǫεζ
+c559Hα
βγHβ
δǫHδ
εµRγηµζ∇αΦ∇ηHǫεζ + c560HαβγHβγδHǫεµRδζµη∇αΦ∇ηHǫεζ
+c561Hα
βγHβγ
δHǫεµRδηµζ∇αΦ∇ηHǫεζ + c562HαβγHβδǫHγδεRεηµζ∇αΦ∇ηHǫµζ
+c563Hα
βγHβγ
δHδ
ǫεRεηµζ∇αΦ∇ηHǫµζ + c564HβγǫHβγδHεµζRαδǫη∇αΦ∇ηHεµζ
+c565Hα
βγHβ
δǫHεµζRγηδǫ∇αΦ∇ηHεµζ + c566HβγǫHβγδHδεµRαζǫη∇αΦ∇ηHεµζ
+c567Hβγ
ǫHβγδHδ
εµRαηǫζ∇αΦ∇ηHεµζ + c568HαβγHβδǫHδεµRγζǫη∇αΦ∇ηHεµζ
+c569Hα
βγHβ
δǫHδ
εµRγηǫζ∇αΦ∇ηHεµζ + c570HαβγHβδǫHδǫεRγηµζ∇αΦ∇ηHεµζ
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LH3∂H∂Φ∂∂Φ3 =
c364Hα
δǫHβ
εµHδε
ζ∇αΦ∇γ∇βΦ∇ǫHγµζ + c365HαδǫHβδεHεµζ∇αΦ∇γ∇βΦ∇ǫHγµζ
+c395Hβ
γδHγ
ǫεHǫ
µζ∇αΦ∇β∇αΦ∇εHδµζ + c396HαβδHγǫεHǫµζ∇αΦ∇γ∇βΦ∇εHδµζ
+c401Hα
δǫHβδ
εHγ
µζ∇αΦ∇γ∇βΦ∇εHǫµζ + c443HβδǫHγεµHδǫζ∇αΦ∇γ∇βΦ∇µHαεζ
+c450Hα
δǫHβ
εµHδε
ζ∇αΦ∇γ∇βΦ∇µHγǫζ + c453HαδǫHβεµHδǫζ∇αΦ∇γ∇βΦ∇µHγεζ
+c679Hβ
δǫHδ
εµHεµ
ζ∇αΦ∇γ∇βΦ∇ζHαγǫ + c680HβδǫHδǫεHεµζ∇αΦ∇γ∇βΦ∇ζHαγµ
+c681Hβ
δǫHγδ
εHǫ
µζ∇αΦ∇γ∇βΦ∇ζHαεµ + c682HγδεHγδǫHǫµζ∇αΦ∇β∇αΦ∇ζHβεµ
+c683Hα
δǫHβ
εµHεµ
ζ∇αΦ∇γ∇βΦ∇ζHγδǫ + c684HβγδHǫεζHǫεµ∇αΦ∇β∇αΦ∇ζHγδµ
+c685Hαβ
δHǫε
ζHǫεµ∇αΦ∇γ∇βΦ∇ζHγδµ + c686HαδǫHβεµHδεζ∇αΦ∇γ∇βΦ∇ζHγǫµ
+c687Hα
δǫHβδ
εHε
µζ∇αΦ∇γ∇βΦ∇ζHγǫµ + c688HαδǫHβεµHδǫζ∇αΦ∇γ∇βΦ∇ζHγεµ
+c689Hα
δǫHβδ
εHǫ
µζ∇αΦ∇γ∇βΦ∇ζHγεµ + c690HαβδHδǫεHǫµζ∇αΦ∇γ∇βΦ∇ζHγεµ
+c691Hα
δǫHβ
εµHγε
ζ∇αΦ∇γ∇βΦ∇ζHδǫµ + c692HβγδHγǫεHǫµζ∇αΦ∇β∇αΦ∇ζHδεµ
+c693Hαβ
δHγ
ǫεHǫ
µζ∇αΦ∇γ∇βΦ∇ζHδεµ + c694HβγδHγǫεHδµζ∇αΦ∇β∇αΦ∇ζHǫεµ
+c695Hα
δǫHβδ
εHγ
µζ∇αΦ∇γ∇βΦ∇ζHǫεµ + c696HαβδHγǫεHδµζ∇αΦ∇γ∇βΦ∇ζHǫεµ
LH∂HR2∂Φ3 = c368HβγδRδεµζRǫµεζ∇αΦ∇ǫHαβγ + c370HαβγRδεµζRǫµεζ∇αΦ∇ǫHβγδ
+c404H
βγδRγ
µ
ǫ
ζRδµεζ∇αΦ∇εHαβǫ + c405HβγδRγµǫζRδζεµ∇αΦ∇εHαβǫ
+c406H
βγδRγ
µ
δ
ζRǫµεζ∇αΦ∇εHαβǫ + c419HβγδRαµǫζRδµεζ∇αΦ∇εHβγǫ
+c420H
βγδRα
µ
ε
ζRδζǫµ∇αΦ∇εHβγǫ + c421HβγδRαµǫζRδζεµ∇αΦ∇εHβγǫ
+c422H
βγδRα
µ
δ
ζRǫζεµ∇αΦ∇εHβγǫ + c423HαβγRγµδζRǫµεζ∇αΦ∇εHβδǫ
+c424Hα
βγRγ
µ
δ
ζRǫζεµ∇αΦ∇εHβδǫ + c472HβγδRβǫγζRδµεζ∇αΦ∇µHαǫε
+c473H
βγδRβµγ
ζRδζǫε∇αΦ∇µHαǫε + c474HβγδRβǫγζRδζεµ∇αΦ∇µHαǫε
+c487H
βγδRαµǫ
ζRγεδζ∇αΦ∇µHβǫε + c488HβγδRαζǫεRγµδζ∇αΦ∇µHβǫε
+c489H
βγδRαǫγ
ζRδµεζ∇αΦ∇µHβǫε + c490HβγδRαζγǫRδµεζ∇αΦ∇µHβǫε
+c491H
βγδRα
ζ
γµRδζǫε∇αΦ∇µHβǫε + c492HβγδRαǫγζRδζεµ∇αΦ∇µHβǫε
+c493H
βγδRα
ζ
γǫRδζεµ∇αΦ∇µHβǫε + c494HβγδRαζγδRǫµεζ∇αΦ∇µHβǫε
+c517Hα
βγRβµδ
ζRγζǫε∇αΦ∇µHδǫε + c518HαβγRβζδǫRγζεµ∇αΦ∇µHδǫε
+c519Hα
βγRβδγ
ζRǫµεζ∇αΦ∇µHδǫε + c521HβγδRαζβǫRγεδµ∇αΦ∇ζHǫεµ
+c522H
βγδRαǫβεRγµδζ∇αΦ∇ζHǫεµ + c523HβγδRαǫβγRδζεµ∇αΦ∇ζHǫεµ (42)
LR(∂Φ)2(∂∂Φ)23 = c372Rαδβǫ∇αΦ∇βΦ∇δ∇γΦ∇ǫ∇γΦ+ c377Rβδγǫ∇αΦ∇βΦ∇γ∇αΦ∇ǫ∇δΦ
+c381Rβδγǫ∇αΦ∇αΦ∇γ∇βΦ∇ǫ∇δΦ (43)
LR(∂Φ)4∂∂Φ3 =c374Rβδγǫ∇αΦ∇αΦ∇βΦ∇γΦ∇ǫ∇δΦ (44)
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LR(∂∂Φ)33 =c379Rβδγǫ∇β∇αΦ∇γ∇αΦ∇ǫ∇δΦ (45)
LH2(∂H)2(∂Φ)23 =
c398Hγδ
εHγδǫ∇αΦ∇βHαµζ∇βΦ∇εHǫµζ + c466HγεµHγδǫ∇αΦ∇βHαδζ∇βΦ∇µHǫεζ
+c630H
γδǫHεµζ∇αΦ∇βHαγε∇βΦ∇ζHδǫµ + c631HγδεHγδǫ∇αΦ∇βΦ∇εHβµζ∇ζHαǫµ
+c632Hγδ
εHγδǫ∇αΦ∇βΦ∇µHβεζ∇ζHαǫµ + c633HαγδHγǫε∇αΦ∇βΦ∇µHǫεζ∇ζHβδµ
+c634Hα
γδHγ
ǫε∇αΦ∇βΦ∇ζHǫεµ∇ζHβδµ + c635HαγδHγǫε∇αΦ∇βΦ∇µHδεζ∇ζHβǫµ
+c636Hα
γδHγδ
ǫ∇αΦ∇βΦ∇ζHǫεµ∇ζHβεµ + c637HαγδHǫεµ∇αΦ∇βHεµζ∇βΦ∇ζHγδǫ
+c638Hα
γδHβ
ǫε∇αΦ∇βΦ∇µHǫεζ∇ζHγδµ + c639HβǫεHβγδ∇αΦ∇αΦ∇ζHǫεµ∇ζHγδµ
+c640Hα
γδHβ
ǫε∇αΦ∇βΦ∇ζHǫεµ∇ζHγδµ + c641HαγδHǫεµ∇αΦ∇βHδµζ∇βΦ∇ζHγǫε
+c642Hβ
ǫεHβγδ∇αΦ∇αΦ∇µHδεζ∇ζHγǫµ + c643HαγδHβǫε∇αΦ∇βΦ∇µHδεζ∇ζHγǫµ
+c644Hα
γδHβ
ǫε∇αΦ∇βΦ∇ζHδεµ∇ζHγǫµ + c645HαγδHγǫε∇αΦ∇βHεµζ∇βΦ∇ζHδǫµ
+c646Hβγ
ǫHβγδ∇αΦ∇αΦ∇µHǫεζ∇ζHδεµ + c647HαγδHβγǫ∇αΦ∇βΦ∇µHǫεζ∇ζHδεµ
+c648Hβγ
ǫHβγδ∇αΦ∇αΦ∇ζHǫεµ∇ζHδεµ + c649HαγδHβγǫ∇αΦ∇βΦ∇ζHǫεµ∇ζHδεµ
+c650Hα
γδHγδ
ǫ∇αΦ∇βHεµζ∇βΦ∇ζHǫεµ (46)
LH2(∂H)2∂∂Φ3 = c400HγδεHγδǫ∇βHαµζ∇β∇αΦ∇εHǫµζ + c467HγεµHγδǫ∇βHαδζ∇β∇αΦ∇µHǫεζ
+c654H
γδǫHεµζ∇βHαγε∇β∇αΦ∇ζHδǫµ + c655HγδǫHεµζ∇βHαγδ∇β∇αΦ∇ζHǫεµ
+c656Hγδ
εHγδǫ∇β∇αΦ∇εHβµζ∇ζHαǫµ + c657HγδεHγδǫ∇β∇αΦ∇µHβεζ∇ζHαǫµ
+c658Hα
γδHǫεµ∇β∇αΦ∇µHδεζ∇ζHβγǫ + c659HαγδHǫεµ∇β∇αΦ∇ζHδεµ∇ζHβγǫ
+c660Hα
γδHγ
ǫε∇β∇αΦ∇µHǫεζ∇ζHβδµ + c661HαγδHγǫε∇β∇αΦ∇ζHǫεµ∇ζHβδµ
+c662Hα
γδHǫεµ∇β∇αΦ∇µHγδζ∇ζHβǫε + c663HαγδHǫεµ∇β∇αΦ∇ζHγδµ∇ζHβǫε
+c664Hα
γδHγ
ǫε∇β∇αΦ∇εHδµζ∇ζHβǫµ + c665HαγδHγǫε∇β∇αΦ∇µHδεζ∇ζHβǫµ
+c666Hα
γδHγ
ǫε∇β∇αΦ∇ζHδεµ∇ζHβǫµ + c667HαγδHγδǫ∇β∇αΦ∇ζHǫεµ∇ζHβεµ
+c668Hα
γδHǫεµ∇βHεµζ∇β∇αΦ∇ζHγδǫ + c669HαγδHβǫε∇β∇αΦ∇µHǫεζ∇ζHγδµ
+c670Hα
γδHβ
ǫε∇β∇αΦ∇ζHǫεµ∇ζHγδµ + c671HαγδHǫεµ∇βHδµζ∇β∇αΦ∇ζHγǫε
+c672Hα
γδHβ
ǫε∇β∇αΦ∇µHδεζ∇ζHγǫµ + c673HαγδHβǫε∇β∇αΦ∇ζHδεµ∇ζHγǫµ
+c674Hα
γδHγ
ǫε∇βHεµζ∇β∇αΦ∇ζHδǫµ + c675HαγδHβγǫ∇β∇αΦ∇µHǫεζ∇ζHδεµ
+c676Hα
γδHβγ
ǫ∇β∇αΦ∇ζHǫεµ∇ζHδεµ + c677HαγδHγδǫ∇βHεµζ∇β∇αΦ∇ζHǫεµ
+c678Hα
γδHβγδ∇β∇αΦ∇ζHǫεµ∇ζHǫεµ (47)
LH3∂H(∂Φ)33 =
c399Hα
δǫHβδ
εHγ
µζ∇αΦ∇βΦ∇γΦ∇εHǫµζ + c449HαδǫHβεµHδεζ∇αΦ∇βΦ∇γΦ∇µHγǫζ
+c452Hα
δǫHβ
εµHδǫ
ζ∇αΦ∇βΦ∇γΦ∇µHγεζ + c651HβγδHǫεζHǫεµ∇αΦ∇αΦ∇βΦ∇ζHγδµ
+c652Hα
δǫHβδ
εHǫ
µζ∇αΦ∇βΦ∇γΦ∇ζHγεµ + c653HβγδHγǫεHδµζ∇αΦ∇αΦ∇βΦ∇ζHǫεµ
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L(∂H)43 = c410∇δHγµζ∇δHαβγ∇εHǫµζ∇εHαβǫ + c615∇δHαβγ∇εHαβǫ∇ζHǫεµ∇ζHγδµ
+c616∇δHαβγ∇ǫHδµζ∇εHαβǫ∇ζHγεµ + c617∇δHαβγ∇εHαβǫ∇µHδǫζ∇ζHγεµ
+c618∇δHαβγ∇εHαβǫ∇ζHδǫµ∇ζHγεµ + c619∇δHαβǫ∇δHαβγ∇ζHǫεµ∇ζHγεµ
+c620∇δHαβγ∇ǫHαβγ∇ζHǫεµ∇ζHδεµ + c621∇γHεµζ∇δHαβγ∇ǫHαβδ∇ζHǫεµ
+c622∇δHαβγ∇δHαβγ∇ζHǫεµ∇ζHǫεµ (48)
LH5∂H∂Φ3 =
c454Hα
βγHβ
δǫHγ
εµHζηθH
ζηθ∇αΦ∇µHδǫε + c465HαβγHβδǫHγεµHδζηHζηθ∇αΦ∇µHǫεθ
+c468Hα
βγHβ
δǫHγ
εµHδ
ζηHεζ
θ∇αΦ∇µHǫηθ + c469HαβγHβδǫHγεµHδεζHζηθ∇αΦ∇µHǫηθ
+c571Hα
βγHβ
δǫHδǫ
εHε
µζHµ
ηθ∇αΦ∇ζHγηθ + c572HαβγHβδǫHγδεHǫµζHµηθ∇αΦ∇ζHεηθ
+c573Hα
βγHβγ
δHδ
ǫεHǫ
µζHµ
ηθ∇αΦ∇ζHεηθ + c574HαβγHβδǫHγεµHδǫζHεηθ∇αΦ∇ζHµηθ
+c575Hβγ
ǫHβγδHδ
εµHǫ
ζηHεζ
θ∇αΦ∇ηHαµθ + c576HβγǫHβγδHδεµHǫζηHεµθ∇αΦ∇ηHαζθ
+c577Hα
βγHβ
δǫHδ
εµHǫ
ζηHεµ
θ∇αΦ∇ηHγζθ + c578HβγǫHβγδHδεµHεζηHµζθ∇αΦ∇θHαǫη
+c579Hβ
ǫεHβγδHγǫ
µHδ
ζηHεζ
θ∇αΦ∇θHαµη + c580HβγǫHβγδHδεµHǫζηHεζθ∇αΦ∇θHαµη
+c581HβγδH
βγδHǫ
ζηHǫεµHεζ
θ∇αΦ∇θHαµη + c582HβǫεHβγδHγǫµHδεζHµηθ∇αΦ∇θHαζη
+c583Hβγ
ǫHβγδHδ
εµHǫε
ζHµ
ηθ∇αΦ∇θHαζη + c584HβγδHβγδHǫεζHǫεµHµηθ∇αΦ∇θHαζη
+c585Hβγ
ǫHβγδHδ
εµHǫεµH
ζηθ∇αΦ∇θHαζη + c586HαβγHδǫµHδǫεHεζηHζηθ∇αΦ∇θHβγµ
+c587Hα
βγHδ
µζHδǫεHǫµ
ηHεζ
θ∇αΦ∇θHβγη + c588HαβγHδǫµHδǫεHεζηHµζθ∇αΦ∇θHβγη
+c589Hα
βγHδǫεH
δǫεHµζ
θHµζη∇αΦ∇θHβγη + c590HαβγHβδǫHδεµHεζηHζηθ∇αΦ∇θHγǫµ
+c591Hα
βγHβ
δǫHδ
εµHε
ζηHµζ
θ∇αΦ∇θHγǫη + c592HαβγHβδǫHδεµHεµζHζηθ∇αΦ∇θHγǫη
+c593Hα
βγHβ
δǫHδǫ
εHµζ
θHµζη∇αΦ∇θHγεη + c594HαβγHβδǫHδεµHǫζηHεµθ∇αΦ∇θHγζη
+c595Hα
βγHβ
δǫHδ
εµHǫε
ζHµ
ηθ∇αΦ∇θHγζη + c596HαβγHβδǫHδǫεHεµζHµηθ∇αΦ∇θHγζη
+c597Hα
βγHβγ
δHǫ
ζηHǫεµHεζ
θ∇αΦ∇θHδµη + c598HαβγHβγδHǫεζHǫεµHµηθ∇αΦ∇θHδζη
+c599Hα
βγHβγ
δHǫεµH
ǫεµHζηθ∇αΦ∇θHδζη + c600HαβγHβδǫHγεµHδζηHζηθ∇αΦ∇θHǫεµ
+c601Hα
βγHβ
δǫHγδ
εHµζ
θHµζη∇αΦ∇θHǫεη + c602HαβγHβγδHδǫεHµζθHµζη∇αΦ∇θHǫεη
+c603Hα
βγHβ
δǫHγ
εµHδ
ζηHεζ
θ∇αΦ∇θHǫµη + c604HαβγHβδǫHγεµHδζηHǫζθ∇αΦ∇θHεµη
+c605Hα
βγHβ
δǫHγ
εµHδǫ
ζHζ
ηθ∇αΦ∇θHεµη + c606HαβγHβδǫHγδεHǫµζHµηθ∇αΦ∇θHεζη
+c607Hα
βγHβγ
δHδ
ǫεHǫ
µζHµ
ηθ∇αΦ∇θHεζη + c608HαβγHβδǫHγεµHδεζHǫηθ∇αΦ∇θHµζη
+c609Hα
βγHβ
δǫHγ
εµHδǫ
ζHε
ηθ∇αΦ∇θHµζη + c610HαβγHβδǫHγδεHǫµζHεηθ∇αΦ∇θHµζη
+c611Hα
βγHβγ
δHδ
ǫεHǫ
µζHε
ηθ∇αΦ∇θHµζη + c612HαβγHβδǫHγεµHδǫεHζηθ∇αΦ∇θHµζη
+c613Hα
βγHβ
δǫHγδ
εHǫε
µHζηθ∇αΦ∇θHµζη + c614HαβγHβγδHδǫεHǫεµHζηθ∇αΦ∇θHµζη
LR(∂H)2∂∂Φ3 = c480Rδµǫε∇β∇αΦ∇ǫHαγδ∇µHβγε + c486Rγεδµ∇β∇αΦ∇ǫHαγδ∇µHβǫε
+c499Rβεǫµ∇β∇αΦ∇ǫHαγδ∇µHγδε + c500Rβµǫε∇β∇αΦ∇ǫHαγδ∇µHγδε
+c502Rβεδµ∇β∇αΦ∇ǫHαγδ∇µHγǫε + c503Rβµδε∇β∇αΦ∇ǫHαγδ∇µHγǫε
+c506Rδµǫε∇βHαγδ∇β∇αΦ∇µHγǫε (49)
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LH2R(∂H)23 = c481HαδǫHαβγRδζǫη∇µHεζη∇µHβγε + c485HαδǫHαβγRǫζµη∇εHγζη∇µHβδε
+c508Hαβ
δHαβγRǫζεη∇µHδζη∇µHγǫε + c509HαβδHαβγRδζεη∇µHǫζη∇µHγǫε
+c700H
αβγHδǫεRβεγη∇δHαµζ∇ζHǫµη + c701HαβγHδǫεRǫµεη∇δHγζη∇ζHαβµ
+c702H
αβγHδǫεRγηǫε∇µHδζη∇ζHαβµ + c703HαβγHδǫεRǫµεη∇ζHγδη∇ζHαβµ
+c704H
αβγHδǫεRγµεη∇ζHδǫη∇ζHαβµ + c705HαβγHδǫεRγηεµ∇ζHδǫη∇ζHαβµ
+c706H
αβγHδǫεRγηǫε∇ζHδµη∇ζHαβµ + c707HαβγHδǫεRǫµεη∇γHβζη∇ζHαδµ
+c708H
αβγHδǫεRγηεζ∇ǫHβµη∇ζHαδµ + c709HαβγHδǫεRγηεµ∇ǫHβζη∇ζHαδµ
+c710H
αβγHδǫεRγηǫε∇µHβζη∇ζHαδµ + c711HαβγHδǫεRγµεη∇ζHβǫη∇ζHαδµ
+c712H
αβγHδǫεRγηǫε∇ζHβµη∇ζHαδµ + c713HαδǫHαβγRδµǫη∇εHγζη∇ζHβεµ
+c714Hα
δǫHαβγRγµǫη∇εHδζη∇ζHβεµ + c715HαδǫHαβγRγηǫµ∇εHδζ η∇ζHβεµ
+c716Hα
δǫHαβγRδµǫη∇ζHγεη∇ζHβεµ + c717HαδǫHαβγRγµǫη∇ζHδεη∇ζHβεµ
+c718Hα
δǫHαβγRγηǫµ∇ζHδεη∇ζHβεµ + c719HαδǫHαβγRγηδǫ∇ζHεµη∇ζHβεµ
+c720Hαβ
δHαβγRγµδη∇ζHǫεη∇ζHǫεµ + c721HαβγHδǫεRβǫγε∇ζHδµη∇ηHαµζ
+c722H
αβγHδǫεRβǫγε∇ηHδµζ∇ηHαµζ + c723HαβγHδǫεRγζεη∇ζHαδµ∇ηHβǫµ
+c724H
αβγHδǫεRγµεη∇ζHαδµ∇ηHβǫζ + c725HαβγHδǫεRγηǫε∇ζHαδµ∇ηHβµζ
+c726H
αβγHδǫεRǫµεη∇ζHαβµ∇ηHγδζ + c727HαβγHδǫεRεζµη∇δHαβµ∇ηHγǫζ
+c728H
αβγHδǫεRεηµζ∇δHαβµ∇ηHγǫζ + c729HαβγHδǫεRεηµζ∇µHαβδ∇ηHγǫζ
+c730Hα
δǫHαβγRεζµη∇µHβδε∇ηHγǫζ + c731HαδǫHαβγRεηµζ∇µHβδε∇ηHγǫζ
+c732Hα
δǫHαβγRδζǫη∇ζHβεµ∇ηHγεµ + c733HαδǫHαβγRδµǫη∇ζHβεµ∇ηHγεζ
+c734Hα
δǫHαβγRǫζµη∇µHβδε∇ηHγεζ + c735HαδǫHαβγRǫηµζ∇µHβδε∇ηHγεζ
+c736H
αβγHδǫεRǫζεη∇δHαβµ∇ηHγµζ + c737HαβγHδǫεRǫζεη∇µHαβδ∇ηHγµζ
+c738Hα
δǫHαβγRǫζεη∇µHβδε∇ηHγµζ + c739HαδǫHαβγRǫηεζ∇µHβδε∇ηHγµζ
+c740H
αβγHδǫεRγζεη∇ζHαβµ∇ηHδǫµ + c741HαβγHδǫεRγηεζ∇ζHαβµ∇ηHδǫµ
+c742H
αβγHδǫεRγµεη∇ζHαβµ∇ηHδǫζ + c743HαβγHδǫεRγηεµ∇ζHαβµ∇ηHδǫζ
+c744Hα
δǫHαβγRεζµη∇µHβγε∇ηHδǫζ + c745HαδǫHαβγRεηµζ∇µHβγε∇ηHδǫζ
+c746Hαβ
δHαβγRεζµη∇µHγǫε∇ηHδǫζ + c747HαβδHαβγRεηµζ∇µHγǫε∇ηHδǫζ
+c748HαβγH
αβγRεηµζ∇µHδǫε∇ηHδǫζ + c749HαδǫHαβγRγζǫη∇ζHβεµ∇ηHδεµ
+c750Hα
δǫHαβγRγηǫζ∇ζHβεµ∇ηHδεµ + c751HαδǫHαβγRγµǫη∇ζHβεµ∇ηHδεζ
+c752Hα
δǫHαβγRγηǫµ∇ζHβεµ∇ηHδεζ + c753HαδǫHαβγRǫζµη∇µHβγε∇ηHδεζ
+c754Hα
δǫHαβγRǫηµζ∇µHβγε∇ηHδεζ + c755HαβγHδǫεRγηǫε∇ζHαβµ∇ηHδµζ
+c756H
αβγHδǫεRǫζεη∇µHαβγ∇ηHδµζ + c757HαδǫHαβγRǫζεη∇µHβγε∇ηHδµζ
+c758Hα
δǫHαβγRǫηεζ∇µHβγε∇ηHδµζ + c759HαβδHαβγRǫζεη∇µHγǫε∇ηHδµζ
+c760HαβγH
αβγRǫζεη∇µHδǫε∇ηHδµζ + c761HαβδHαβγRγµδη∇ζHǫεµ∇ηHǫεζ
+c762H
αβγHδǫεRγζµη∇δHαβµ∇ηHǫεζ + c763HαβγHδǫεRγηµζ∇δHαβµ∇ηHǫεζ
+c764Hα
δǫHαβγRγζµη∇δHβεµ∇ηHǫεζ + c765HαδǫHαβγRγηµζ∇δHβεµ∇ηHǫεζ
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+c766H
αβγHδǫεRγζµη∇µHαβδ∇ηHǫεζ + c767HαβγHδǫεRγηµζ∇µHαβδ∇ηHǫεζ
+c768Hαβ
δHαβγRδζµη∇µHγǫε∇ηHǫεζ + c769HαβδHαβγRδηµζ∇µHγǫε∇ηHǫεζ
+c770H
αβγHδǫεRβεγη∇δHαµζ∇ηHǫµζ + c771HαβγHδǫεRγζεη∇δHαβµ∇ηHǫµζ
+c772H
αβγHδǫεRγηεζ∇δHαβµ∇ηHǫµζ + c773HαβγHδǫεRγζεη∇µHαβδ∇ηHǫµζ
+c774H
αβγHδǫεRγηεζ∇µHαβδ∇ηHǫµζ + c775HαβδHαβγRδζεη∇µHγǫε∇ηHǫµζ
+c776Hαβ
δHαβγRδηεζ∇µHγǫε∇ηHǫµζ + c777HαβγHδǫεRεηµζ∇δHαβγ∇ηHǫµζ
+c778Hα
δǫHαβγRεηµζ∇δHβγε∇ηHǫµζ + c779HαβδHαβγRεηµζ∇δHγǫε∇ηHǫµζ
+c780Hα
δǫHαβγRεηµζ∇εHβγδ∇ηHǫµζ + c781HαδǫHαβγRγηδǫ∇ζHβεµ∇ηHεµζ
+c782Hα
δǫHαβγRγηǫζ∇δHβεµ∇ηHεµζ + c783HαδǫHαβγRδζǫη∇µHβγε∇ηHεµζ
+c784Hα
δǫHαβγRγζǫη∇µHβδε∇ηHεµζ + c785HαδǫHαβγRǫηµζ∇δHβγε∇ηHεµζ
+c786H
αβγHδǫεRγηµζ∇ǫHαβδ∇ηHεµζ + c787HαδǫHαβγRǫηµζ∇εHβγδ∇ηHεµζ
+c788Hα
δǫHαβγRβδγǫ∇ηHεµζ∇ηHεµζ (50)
LR(∂H)2(∂Φ)23 =c501Rβµδε∇αΦ∇βΦ∇ǫHαγδ∇ε1Hγǫε + c504Rδµǫε∇αΦ∇βHαγδ∇βΦ∇ε1Hγǫε
LH4(∂H)23 = c789HαβδHαβγHγǫεHδµζ∇µHǫηθ∇ζHεηθ + c790HαβδHαβγHǫεζHǫεµ∇δHγηθ∇ζHµηθ
+c791Hα
δǫHαβγHβ
εµHδε
ζ∇ǫHγηθ∇ζHµηθ + c792HαδǫHαβγHεηθHεµζ∇ζHγǫθ∇ηHβδµ
+c793Hα
δǫHαβγHβ
εµHδ
ζη∇εHγζθ∇ηHǫµθ + c794HαδǫHαβγHβδεHµζη∇µHγǫθ∇ηHεζθ
+c795Hαβ
δHαβγHǫ
ζηHǫεµ∇δHγεθ∇ηHµζθ + c796HαδǫHαβγHβεµHδζη∇ǫHγεθ∇ηHµζθ
+c797Hα
δǫHαβγHε
ηθHεµζ∇ηHβδµ∇θHγǫζ + c798HαδǫHαβγHεηθHεµζ∇ζHβδµ∇θHγǫη
+c799Hα
δǫHαβγHε
ηθHεµζ∇ηHβγµ∇θHδǫζ + c800HαδǫHαβγHεηθHεµζ∇ζHβγµ∇θHδǫη
+c801Hαβ
δHαβγHǫεµHζηθ∇εHγǫζ∇θHδµη + c802HαβδHαβγHǫεµHζηθ∇ζHγǫε∇θHδµη
+c803Hαβ
δHαβγHǫεµHζηθ∇µHγǫε∇θHδζη + c804HαδǫHαβγHβεµHζηθ∇δHγζη∇θHǫεµ
+c805Hα
δǫHαβγHβ
εµHζηθ∇ηHγδζ∇θHǫεµ + c806HαδǫHαβγHβεµHζηθ∇εHγδζ∇θHǫµη
+c807Hα
δǫHαβγHε
ηθHεµζ∇δHβγµ∇θHǫζη + c808HαδǫHαβγHεηθHεµζ∇µHβγδ∇θHǫζη
+c809Hαβ
δHαβγHǫεµHζηθ∇δHγǫζ∇θHεµη + c810HαδǫHαβγHβεµHζηθ∇ǫHγδζ∇θHεµη
+c811Hα
δǫHαβγHβ
εµHζηθ∇ζHγδǫ∇θHεµη + c812HαβδHαβγHǫεµHζηθ∇δHγǫε∇θHµζη
+c813Hαβ
δHαβγHǫ
ζηHǫεµ∇δHγεθ∇θHµζη + c814HαδǫHαβγHβεµHζηθ∇ǫHγδε∇θHµζη
+c815Hα
δǫHαβγHβ
εµHζηθ∇εHγδǫ∇θHµζη + c816HαδǫHαβγHβεµHδζη∇εHγǫθ∇θHµζη
+c817Hαβ
δHαβγHγ
ǫεHǫ
µζ∇εHδηθ∇θHµζη + c818HαδǫHαβγHβδεHµζη∇ηHεζθ∇θHγǫµ
+c819Hα
δǫHαβγHβ
εµHδε
ζ∇θHµζη∇θHγǫη + c820HαδǫHαβγHβεµHδζη∇ηHǫζθ∇θHγεµ
+c821Hαβ
δHαβγHǫ
ζηHǫεµ∇θHδζη∇θHγεµ + c822HαδǫHαβγHβεµHδζη∇θHǫζη∇θHγεµ
+c823Hα
δǫHαβγHβ
εµHδ
ζη∇µHǫηθ∇θHγεζ + c824HαβδHαβγHǫζηHǫεµ∇ηHδµθ∇θHγεζ
+c825Hα
δǫHαβγHβ
εµHδ
ζη∇ηHǫµθ∇θHγεζ + c826HαβδHαβγHǫζηHǫεµ∇θHδµη∇θHγεζ
+c827Hα
δǫHαβγHβ
εµHδ
ζη∇θHǫµη∇θHγεζ + c828HαδǫHαβγHβδεHµζη∇εHǫηθ∇θHγµζ
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+c829Hαβ
δHαβγHǫε
ζHǫεµ∇ηHδζθ∇θHγµη + c830HαβδHαβγHǫεζHǫεµ∇θHδζη∇θHγµη
+c831Hα
δǫHαβγHβ
εµHδ
ζη∇µHǫεθ∇θHγζη + c832HαδǫHαβγHβεµHδζη∇θHǫεµ∇θHγζη
+c833Hα
δǫHαβγHβ
εµHγ
ζη∇ηHµζθ∇θHδǫε + c834HαδǫHαβγHβεµHγζη∇θHµζη∇θHδǫε
+c835Hαβ
δHαβγHγ
ǫεHµζη∇ηHεζθ∇θHδǫµ + c836HαβγHαβγHδǫεHµζη∇ηHεζθ∇θHδǫµ
+c837Hαβ
δHαβγHγ
ǫεHµζη∇θHεζη∇θHδǫµ + c838HαβγHαβγHδǫεHµζη∇θHεζη∇θHδǫµ
+c839Hαβ
δHαβγHγ
ǫεHǫ
µζ∇ηHµζθ∇θHδεη + c840HαβδHαβγHγǫεHǫµζ∇θHµζη∇θHδεη
+c841Hαβ
δHαβγHγ
ǫεHµζη∇ηHǫεθ∇θHδµζ + c842HαβδHαβγHγǫεHµζη∇θHǫεη∇θHδµζ
+c843Hαβ
δHαβγHγ
ǫεHǫ
µζ∇ζHεηθ∇θHδµη + c844HαβδHαβγHγǫεHǫµζ∇ηHεζθ∇θHδµη
+c845Hαβ
δHαβγHγ
ǫεHǫ
µζ∇θHεζη∇θHδµη + c846HαβδHαβγHγǫεHǫεµ∇ηHµζθ∇θHδζη
+c847Hαβ
δHαβγHγ
ǫεHǫε
µ∇θHµζη∇θHδζη + c848HαβδHαβγHγǫεHµζη∇δHζηθ∇θHǫεµ
+c849Hα
δǫHαβγHβδ
εHγ
µζ∇ηHµζθ∇θHǫεη + c850HαβδHαβγHγǫεHδµζ∇ηHµζθ∇θHǫεη
+c851HαβγH
αβγHδ
µζHδǫε∇ηHµζθ∇θHǫεη + c852HαδǫHαβγHβδεHγµζ∇θHµζη∇θHǫεη
+c853Hαβ
δHαβγHγ
ǫεHδ
µζ∇θHµζη∇θHǫεη + c854HαβγHαβγHδµζHδǫε∇θHµζη∇θHǫεη
+c855Hαβ
δHαβγHγ
ǫεHµζη∇δHεηθ∇θHǫµζ + c856HαδǫHαβγHβδεHγµζ∇ζHεηθ∇θHǫµη
+c857Hα
δǫHαβγHβδ
εHγ
µζ∇ηHεζθ∇θHǫµη + c858HαβδHαβγHγǫεHδµζ∇ηHεζθ∇θHǫµη
+c859HαβγH
αβγHδ
µζHδǫε∇ηHεζθ∇θHǫµη + c860HαδǫHαβγHβδεHγµζ∇θHεζη∇θHǫµη
+c861Hαβ
δHαβγHγ
ǫεHδ
µζ∇θHεζη∇θHǫµη + c862HαβγHαβγHδµζHδǫε∇θHεζη∇θHǫµη
+c863Hαβ
δHαβγHγ
ǫεHǫ
µζ∇δHζηθ∇θHεµη + c864HαδǫHαβγHβδεHγǫµ∇ηHµζθ∇θHεζη
+c865Hαβ
δHαβγHγ
ǫεHδǫ
µ∇ηHµζθ∇θHεζη + c866HαβγHαβγHδǫµHδǫε∇ηHµζθ∇θHεζη
+c867Hα
δǫHαβγHβδ
εHγǫ
µ∇θHµζη∇θHεζη + c868HαβδHαβγHγǫεHδǫµ∇θHµζη∇θHεζη
+c869HαβγH
αβγHδǫ
µHδǫε∇θHµζη∇θHεζη + c870HαδǫHαβγHβδεHγǫε∇θHµζη∇θHµζη
+c871Hαβ
δHαβγHγ
ǫεHδǫε∇θHµζη∇θHµζη + c872HαβγHαβγHδǫεHδǫε∇θHµζη∇θHµζη
LH(∂H)3∂Φ3 = c623Hαβγ∇αΦ∇εHβδǫ∇ζHδǫµ∇ζHγεµ + c624Hαβγ∇αΦ∇γHεµζ∇εHβδǫ∇ζHδǫµ
+c625H
βγδ∇αHǫµζ∇αΦ∇εHβγǫ∇ζHδεµ + c626Hαβγ∇αΦ∇γHǫµζ∇εHβδǫ∇ζHδεµ
+c627Hα
βγ∇αΦ∇ǫHβγδ∇ζHǫεµ∇ζHδεµ + c628Hβγδ∇αΦ∇γHαβǫ∇δHεµζ∇ζHǫεµ
+c629Hα
βγ∇αΦ∇δHεµζ∇ǫHβγδ∇ζHǫεµ (51)
The above couplings are independent couplings in any higher-derivative theory which has no
four- and six-derivative couplings. Even though the total number of independent couplings
are fixed, the number of couplings in each structure are not fixed. In different schemes, one
may find different structures and different number of couplings in each structure. The above
structures and the number of terms in each structure are fixed in the scheme that we have
chosen. The values of the 872 parameters are fixed in a specific theory.
In the superstring theory the above 872 parameters may be found by calculating various
S-matrix elements in the effective field theory (1) and comparing them with the corresponding
S-matrix elements in string theory which has no arbitrary parameters. In this method one has
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to calculate in string theory various S-matrix elements which produces 872 independent contact
terms. In the next section we illustrate this method for four-point functions to fix some of the
parameters.
3 Constraint from 4-point functions
The S-matrix element of four NS-NS vertex operators has been calculated in [39, 40]. The low
energy expansion of this S-matrix element produces the following eight-derivative couplings in
the string frame [41, 42, 43, 44, 47]:
S3 ⊃ γ3
κ2
∫
d10x
√−ge−2ΦL(R) (52)
where the normalization factor is γ3 = ζ(3)/2
5, and the Lagrangian density has the following
eight independent terms:
L(R) = 1
8
RκγδβRκγταRµνδτRµναβ +
1
32
RαβκγRαβκγRµνδτRµνδτ
+
1
16
RαβδτRαβκγRµνδτRµνκγ −
1
4
RκγαβRκγδαRµνδτRµντ β
+
1
4
RαβκγRµνδτRµβκγRναδτ +
1
8
RαβδτRµνδτRµβκγRνακγ
+
1
2
RαβκγRµνδτRµβδγRνατ κ +RαβδγRµνδτRµβκγRνατ κ (53)
where Rµναβ is the linear part of the following tensor:
Rµναβ = Rµναβ +Hµν[α;β] (54)
Here Hµν[α;β] =
1
2
∇βHµνα − 12∇αHµνβ. While the dilaton appears non-trivially in the Einstein
frame, it appears in the string frame only as the overall factor of e−2Φ [45, 46]. Note that if one
ignores the B-field coupling, then the symmetries of the Riemann curvature reduces the eight
terms in (53) to six independent terms [41], however, in the presence of B-field the string theory
S-matrix element of four NS-NS vertex operators are reproduced by the above Lagrangian [47].
Now, requiring the Lagrangian (13), to produce the four graviton couplings in (53) after
using on-shell conditions ki ·ki = 0 and ki ·ζi = 0 for i = 1, 2, 3, 4 where the graviton polarization
is ζiζj and momentum of gravition is ki, one finds the following relations for the parameters in
(13):
c11 = 2 + 2c10, c12 = 1 + 2c10, c20 = −c10,
c21 = 4c10, c22 = −c10, c33 = −c10/4 (55)
As can be seen not all parameters are fixed by the four-point function. The above result
indicates that there is one combination of the seven couplings in (13) which produces zero effect
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on the four-point function. Consistency with five-point function should fix the overall parameter
of this combination, i.e., c10. Then imposing the four-point function on the parameters in (13),
one finds the following couplings
LR43 =2RαǫγεRαβγδRβµǫζRδζεµ +RαβǫεRαβγδRγµǫζRδζεµ (56)
and some other couplings with coefficient c10. The above couplings are exactly the couplings
that have been found from the sigma-model [48, 49]. Hence, the five point function must
constrain c10 = 0. It is important to note that if one uses the KLT constraint on the couplings
[50] to write the couplings in terms of t8t8R
4 and ǫ10 ·ǫ10R4, then the four-point function can
fix only the coefficient of t8t8R
4 and the five-point function fixes the coefficient of ǫ10 ·ǫ10R4 to
be non-zero. In the scheme that we have used to write the couplings in the previous section,
the structure ǫ10 ·ǫ10R4 which includes the Ricci and scalar curvatures, does not appear at all.
Requiring the Lagrangian (48) to produce the four B-field couplings in (53) after using on-
shell conditions ki ·ki = 0, ki ·ζi = 0 and ki ·ζ ′i = 0 for i = 1, 2, 3, 4 where the B-field polarization
is ζiζ
′
j − ζ ′iζj and momentum of B-field is ki, one finds all 9 parameters in (48) are fixed, i.e.,
c410 = 1/8, c615 = −1/8, c616 = −1/4, c617 = 1/4,
c618 = −1/8, c619 = −1/16, c620 = 0, c621 = −3/16, c622 = 1/144 (57)
Note that in the scheme that we have chosen in this paper, there are 9 independent couplings
with structure (∂H)4 whose coefficients are fixed by the four-point function. We could chosen
a different scheme in which there would be less couplings with structure (∂H)4. In fact it has
been shown in [51] that the four-point function can be reproduced by three couplings with
structure (∂H)4. If one chooses a scheme in which there are three couplings with structure
(∂H)4, then the extra six independent couplings would appear in other structures such that
the total number of independent couplings remains fix, i.e., 872.
Similarly, requiring the Lagrangians (12) and (33) to produce two gravitons and two B-field
couplings in (53), one finds parameter in (12) to be zero and finds 17 relations between the 22
parameters in (33), i.e.,
c369 = −24c282 − c283, c407 = 1− 24c282, c408 = 12c282, c409 = 12c282,
c416 = 2− 24c282 + 2c284, c417 = −2 − 4c283 + 2c285, c418 = 4c283 + 2c286,
c475 = 2 + 2c283, c476 = −4c283, c477 = 1 + 2c283, c478 = 2c283,
c514 = 4c284 + 2c285 + 2c286, c515 = 1− c283 + c285 − c286,
c516 = −2c283 + 2c285 − 2c286, c520 = 0, c697 = −2c284 − c285 − c286,
c698 = 1 + c284 + c285, c699 = 1/2 + c284/2 + c285/2 (58)
Hence there are five different combinations of the 22 couplings in (33) that produce zero effect
on four-point function. They can be found by studying five-point functions of two B-field and
three gravitons in which we are not interested in this paper.
Requiring the Lagrangian (41) to produce no four-point function of two dilatons and two B-
fields, one finds the parameter c413 does not appear in the on-shell amplitude, and the following
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relations between the other parameters in (41):
c357 = −c353, c426 = −3c353 + c415, c430 = 2c353, c435 = −
1
6
c353 (59)
This indicates there are two other combinations of terms in (41) that produce zero four-point
functions.
Requiring the Lagrangian (49) to produce no four-point function of one dilaton, one graviton
and two B-fields, one finds
c480 = 0, c486 = 0, c499 = 0, c500 = 0, c502 = 0, c503 = 0, c506 = 0 (60)
There are also no four-point functions of four dilatons, three dilatons and one graviton, two
dilatons and two gravitons, one dilaton and three gravitons in the string frame. Their cor-
responding parameters are all zero. This can also be seen by the T-duality constraint when
metric is diagonal that we are going to discuss in the next section.
4 Constraint from T-duality when B = 0
It is very hard to continue the above S-matrix method to find all 872 parameters in L3. In
particular, to find the parameters in LH83 , one would need to calculate S-matrix element of eight
NS-NS vertex operators which is tremendously difficult. Fortunately, there is a simple method
to find all parameters by imposing the T-duality constraint. The calculations here also is very
lengthy to perform, however, using the computer one can perform it, see e.g., [33].
The calculation in the absence of B-field has been already done in [52]. In that paper, it
has been argued that in any higher-derivative action which contains only metric and dilaton,
the dilaton couplings can be set to zero by the T-duality constraint. The argument in that
paper, however, can not be extended to the case that B-field is non-zero. Explicit calculation
at order α′3 in superstring has been also done in [52]. That is, assuming the dilaton couplings
are zero, it has been shown that the gravity couplings (13) at order α′3 is consistent with the
T-duality constraint when metric is diagonal and B-field is zero, provided that, up to an overall
factor, the parameters in (13) to be the same as those in (56). This conforms that even if one
considers all independent gravity and dilaton couplings that we have considered in (13), (16),
(19), (21), (26), (27), (35), (36), (37), (39), (40), (43), (44), (45), then the T-duality satisfied
when all the 36 dilaton couplings are zero, i.e.,
c94 = 0 , c95 = 0 , c148 = 0 , c149 = 0 , c150 = 0 , c178 = 0 , c289 = 0 , c181 = 0 ,
c261 = 0 , c277 = 0 , c321 = 0 , c322 = 0 , c326 = 0 , c223 = 0 , c224 = 0 , c225 = 0 ,
c254 = 0 , c269 = 0 , c341 = 0 , c342 = 0 , c346 = 0 , c293 = 0 , c294 = 0 , c295 = 0 ,
c304 = 0 , c359 = 0 , c305 = 0 , c307 = 0 , c360 = 0 , c306 = 0 , c361 = 0 , c372 = 0 ,
c377 = 0 , c381 = 0 , c374 = 0 , c379 = 0 (61)
The dilaton couplings (26), (27), (40), (45) are consistent with the four-point functions in (53).
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The minimal independent couplings at order α′ and α′2 in the bosonic theory are 8 and
60, respectively, however, in the absence of B-field, the dilaton couplings constraint to be zero
by explicit T-duality calculations [29]. Note however that the couplings involving dilaton and
B-field may not be zero by the T-duality constraint, see e.g., [33].
When B-field is not zero, one may use the T-duality constraint to fix all 872 couplings.
Similar calculations at orders α′ and α′2 have been done in [33] to fix all parameters of the
minimal independent couplings. We postpone this calculation at order α′3 for the future works.
We have found that the minimum number of independent couplings at order α′3 is 872 in any
higher-derivative theory containing the NS-NS fields. In string, using the T-duality constraint
one may hopefully find all parameters. Using different schemes, the T-duality can fix the
corresponding non-zero terms. A priori one can not argue which minimal scheme would produce
minimum number of couplings in string theory after imposing the T-duality constraint. To find
the minimum number of couplings in string theory, one should first find the 872 parameters
in a specific scheme, e.g., the one we have used in section 2. Then using once again the field
redefinitions, the total derivative terms and using various Bianchi identities, one may rewrite
the couplings such that the number of couplings becomes minimum.
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